UNITAL DILATIONS OF COMPLETELY POSITIVE SEMIGROUPS 



m 

O 



O 
m 

< 
O 



> 



en 



^ 



by 
David J. Gaebler 



An Abstract 



O ' Of a thesis submitted in partial fulfillment of the 

requirements for the Doctor of Philosophy 

degree in Mathematics 

in the Graduate College of 

The University of Iowa 



May 2013 



Thesis Supervisor: Professor Paul S. Muhly 



ABSTRACT 

Semigroups of completely positive maps arise naturally both in noncommu- 
tative stochastic processes and in the dynamics of open quantum systems. Since its 
inception in the 1970's, the study of completely positive semigroups has included 
among its central topics the dilation of a completely positive semigroup to an en- 
domorphism semigroup. In quantum dynamics, this amounts to embedding a given 
open system inside some closed system, while in noncommutative probability, it cor- 
responds to the construction of a Markov process from its transition probabilities. 
In addition to the existence of dilations, one is interested in what properties of the 
original semigroup (unitality, various kinds of continuity) are preserved. 

Several authors have proved the existence of dilations, but in general, the 
dilation achieved has been non-unital; that is, the unit of the original algebra is 
embedded as a proper projection in the dilation algebra. A unique approach due to 
Jean-Luc Sauvageot overcomes this problem, but leaves unclear the continuity of the 
dilation semigroup. The major purpose of this thesis, therefore, is to further develop 
Sauvageot's theory in order to prove the existence of continuous unital dilations. This 
existence is proved in Theorem I5.4.9[ the central result of the thesis. 

The dilation depends on a modification of free probability theory, and in partic- 
ular on a combinatorial property akin to free independence. This property is implicit 
in some of Sauvageot's original calculations, but a secondary goal of this thesis is to 
present it as its own object of study, which we do in chapter [21 
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PREFACE: BACKGROUND AND TERMINOLOGY 

This thesis is intended to be readable by a graduate student with a work- 
ing knowledge of the fundamentals of functional analysis and operator algebras, but 
without prior exposure to the theory of completely positive maps or of operator semi- 
groups. For instance, the preparation provide by |Mac09] and |Zhu93j should be 
adequate, and that by |KR83] ample. 

Following |Sak98] . we distinguish between W*-algebras, which are abstractly 
defined as C*-algebras having a Banach-space predual (necessarily unique, as it turns 
out), and von Neumann algebras, which are concretely defined as weakly closed self- 
adjoint subalgebras of B{H) for some Hilbert space H. In this convention, every 
von Neumann algebra is also a W*-algebra (with predual equal to a quotient of 
the predual B{H)^ ~ L^{H)), whereas every W*-algebra is isomorphic to some von 
Neumann algebra ( |Sak98] 1.16.7). We depart somewhat from Sakai in referring to 
the weak-* topology on a W*-algebra as the ultraweak topology, which he calls the 
cr-topology or weak topology, and the topology induced by the seminorms x h-> (f>{x*x) 
for positive weak-* continuous functionals as the ultrastrong topology, which he 
calls the strong topology or s-topology. In the case of a von Neumann algebra, these 
topologies coincide with the ultraweak and ultrastrong operator topologies as usually 
defined ( |Sak98j 1.15.6), and hence also with the weak and strong operator topologies 
on bounded subsets ( |Sak98] 1.15.2). Because of this latter fact, we sometimes drop 
the "ultra" and refer merely to the weak and strong topologies when working on a 
bounded subset of a W*-algebra. We shall also make (rare) use of the ultrastrong-* 



topology, in which x^ — )■ x iff x^ -^■ x strongly and x* -^ x* strongly. Among the 
properties of these topologies that we will need are the following: 

• Multiplication is separately continuous in both the ultraweak and ultrastrong 
topologies. However, it is jointly continuous in neither. On bounded sets, 
multiplication is jointly strongly and strong-* continuous, but not jointly weakly 
continuous. 

• The adjoint map x H- x* is ultraweakly continuous, but not ultrastrongly nor 
even strongly continuous. 

• On bounded subsets, one may relate the weak and strong topologies as follows: 
Xj, — )• X strongly iff x^ — )> x weakly and x*Xi, — )• x*x weakly. 

• The Kaplansky density theorem: If A is a W*-algebra and Aq G A an 
ultraweakly dense *-subalgebra, then the unit ball of Aq is strong-* dense in 
the unit ball of A. In the case of a von Neumann algebra, the hypothesis of 
ultraweak density may be replaced by WOT-density. 

A linear map between W*-algebras which is continuous with respect to their 
ultraweak topologies is called normal; if the map in question is positive, this is 
equivalent to the property of preserving upward-convergent nets (in this case weak and 
strong convergence are equivalent) of positive elements, that is, a positive linear map is 
normal iff 0(xq,) t 4>{x) whenever Xat ^ ( |ConOOj Corollary 46.5). A C* -isomorphism 
between two W*-algebras is automatically normal, but a *-homomorphism or com- 
pletely positive map need not be. 



We refer to a W*-algebra A as separable if its predual A^, is a separable 
Banacli space; this can be shown to be equivalent to numerous other conditions, 
including the separability of either A or its unit ball in either the weak or strong 
topologies, and the existence of a faithful normal representation of ^ on a separable 
Hilbert space. A related but strictly weaker property is that of countable decom- 
posability, which can be defined as the property that every mutually orthogonal 
family of nonzero projections in A is at most countable; this is equivalent to the 
existence of a faithful state, the existence of a faithful normal state, or the strong 
metrizability of the unit ball f IBlaOG] I1I.2.2.27). 

Additional background material, such as free probability and Hilbert C*- 
modules, will be addressed in the chapters where these topics first appear. 

Throughout, we use the boldface symbol 1 to denote the unit of an algebra, 
while 1 will denote the natural number. 



CHAPTER 1 
INTRODUCTION TO COMPLETELY POSITIVE SEMIGROUPS 

1.1 Completely Positive Maps, Completely Positive Semigroups, and 

Endomorphism Semigroups 

In this section we introduce the basic objects of study. 

Definition 1.1.1. Let A,B be C*-algebras and (p : A —> B a. linear map. We say 
that (/) is 

1. positive if it maps positive elements of A to positive elements of B, 

2. n-positive if the map In® <p '■ M„(C) ® A ^ M„(C) ® B is positive, and 

3. completely positive if is n-positive for all n > 1. 

We record here without proof some of the important properties of completely 
positive maps. 

• If either A or i? is commutative, the map </> : A — )■ B is positive iff it is completely 
positive. ( |Pau02j Theorems 3.9 and 3.11) 

• Every positive linear map is a *-map, that is, has the property that 0(a)* = 
0(a*) for all a e A. ( [Pau02j Exercise 2.1) 

• If is 2-positive (so, in particular, if cj) is completely positive), then 0(a) *0(a) < 
(j){a*a) for all a E A. This is known as the Schwarz inequality for 2-positive 
maps. ( |Pau02j Proposition 3.3) 



If A and B are W*-algebras, a completely positive map (p : A —> B is normal 
iff it is strongly continuous. ( |Bla06] Proposition III. 2. 2. 2). Strong continuity 
is equivalent to ultrastrong because of the boundedness of the map. 

If : A —7- B[H) is a completely positive map, there exists a triple [K^V^ir), 
unique up to isomorphism, such that 

1. if is a Hilbert space 

2. V : H -^ K IS a. linear map such that ||0|| = ||V^P 

3. TT : A — )> B{K) is a *-homomorphism such that V*Ti{a)V = (j){a) for all 
a e A 



and with the additional minimality property that 7r{A)VH = K. The triple 
(if, V, vr) is called the minimal Stinespring dilation of (j). If cj) is unital, 
V is an isometry; if is normal, so is vr. This is known as Stinespring's 
dilation theorem f fSti55] . |Pau02j Theorem 4.1, |Bla06j Theorems II.6.9.7 
and III.2.2.4). 

Definition 1.1.2. Let ^ be a C*-algebra (resp. W*-algebra). 

1. A cp-semigroup on ^ is a family {0^ : t G [0,oo)} of (normal) completely 
positive contractive linear maps (pt '■ A. ^ A such that 0o = id^ and 

4>t°4>s = 4>t+s 

for all s,t > 0. 



2. An e-semigroup on ^ is a cp-semigroup in which each 0^ is a *-endomorphism. 

3. Capital letters (CP-semigroup, E-semigroup) indicate that for each a ^ A, 
t I—)- (/)i(a) is a continuous function from [0, oo) to A, where A is given the 
norm (resp. ultraweak) topology. We refer to this continuity property of the 
semigroup as strong continuity or point-norm continuity in the C* case, 
and point-weak continuity in the W* case. 

4. A subscript of (cpo-semigroup, CPq-, eg-, Eq-) indicates that A contains a 
unit 1 and that 0t(l) = 1 for all t > 0. 

Remark 1.1.3. The term quantum Markov process or quantum Markov semi- 
group is sometimes used in the literature to describe cp-, cpo-, CP, or CPo-semigroups; 
however, the usage is nonuniform as to which of these is indicated, so we adhere to 
the more precise notation above. 

Remark 1.1.4. In the case where ^ is a W*-algebra, the definition of cp-semigroups 
and CP-semigroups remain unchanged when stated in terms of the strong topology 
rather than the weak topology. That is, each map </)j is normal iff it is strongly 
continuous, as noted above; and, as we shall show in more detail below, the map 
t H- (t)t{a) for fixed a is continuous with respect to the weak topology on bounded 
subsets of A iff it is continuous with respect to the strong topology (that is, point- weak 
continuity is equivalent to point-strong continuity). 

Definition 1.1.5. Let = {0t} be a cp-semigroup on A. An invariant state for (p 



is a state u : A ^ C with the property 

Vt > : u o (p^ = u. 

1.2 Dilation 

In this section we introduce the ways in which cp-semigroups and e-semigroups 
may be related to each other. 

Definition 1.2.1. Let A,B be C*-algebras. 



1. A conditional expectation on A is a linear map E : A ^ A such that E = E, 
E{x*) = E{xy for all x e A, and ||^|| = 1. 

2. An embedding from A to S is an injective *-homomorphism from A to B. 

3. Given an embedding i : A ^ B, a, retraction with respect to z is a completely 
positive map e : B ^ A such that e o i = id^. 

Remark 1.2.2. A linear map E : A ^ A is a conditional expectation iff it is a 
completely positive contraction and is a bimodule map over its range, i.e. has the 
property that E{E{a)x) = E{a)E{x) = E{aE{x)) for all a,x & A\ this is known 
as Tomiyama's theorem ( |Tom57] ). As a result, ii i : A -^ B is an embedding 
and e : B -^ A a corresponding retraction, then z o e is a conditional expectation 
on B with range i{A). Hence, the distinction between a retraction and a conditional 
expectation is precisely the distinction between identifying A as a subalgebra of 5, 
and explicitly writing an inclusion map from A io B. The difference is a matter of 
taste; we generally follow the latter approach. 



Definition 1.2.3. Let = {0f } be a cp-seinigroup on a C*-algebra A. An e-dilation 
of {A, 0) is a tuple (21, i, E, a) where 21 is a C*-algebra, i : A — ;■ 21 an embedding, 
E : 21 — )■ A a retraction with respect to i, and cr = {ctj} an e-semigroup on 21, 
satisfying 

Vt > : 04 = E o o-j o i. 

We summarize the relationship in the following diagram: 




We call (21, i, E, a) a strong e-dilation if it satisfies E o cr^ = 0^ o E, corresponding 
to the diagram 




Note that this implies 



bt o ]K o i = K o at o i 



so that every strong dilation is a dilation, but the converse does not always hold. An 
eo-dilation of a cpo-semigroup is said to be unital if ^(1) = 1- 

1.3 Motivation and Examples 
Example 1.3.1. Let H he a. Hilbert space and {Tt} a semigroup of contractions on 
H. Then the maps 0t : B{H) — )• B{H) defined by 



t{x) = t;xtt 
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form a cp-semigroup. It is a cpo-seinigroup iff all the Tf are isometries, an e-semigroup 
iff all the Tj are coisometries, and hence an eo-seniigroup iff all the Tt are unitaries. 
If Tt is strongly continuous, in that t \-^ Tt is continuous with respect to the strong 
operator topology on B(H), then {(pt} is a CP-semigroup. 

A theorem of Cooper ( |Coo47] ) states that, given a strongly continuous con- 
traction semigroup {Tt} on H, there exist a Hilbert space K, an isometry V : H ^ K, 
and a strongly continuous group {Ut} of unitaries on K such that 

Tt = V*UtV. 

If the Tt are isometries, one obtains the stronger condition 

VTt = UtV. 

Given the Cooper dilation of the semigroup {Tt}, one can then define 

1. the Eo-semigroup {at} on B{K) by at{Y) = UlYUt 

2. the non-unital embedding i : B{H) -^ B{K) by i{X) = VXV* 

3. the retraction E : B{K) -^ B{H) by E{Y) = V*YV 

Then {B{K),i,E,{at}) is an Eo-dilation of {B{H),{(j)t}). 

This example plays a role in the general theory; for instance, Evans and Lewis 
prove their dilation theorem ( |EL77j ) by showing that certain more general semigroups 
are equivalent to those of the form X \-^ T^XTt, and then applying Cooper dilation. 

Example 1.3.2. In (one of the axiomatizations of) quantum mechanics, every phys- 
ical system corresponds to a von Neumann algebra A, with states of the system 
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corresponding to positive elements of A of trace 1. A physical transformation of the 
system must map states to states and hence, in particular, must be a positive map; 
a continuous-time evolution of the system corresponds therefore to a semigroup of 
positive maps. If the system is entangled with an environment, a physical trans- 
formation of the composite system must map composite states to composite states, 
which implies complete positivity of the restriction to the original system; hence, a 
continuous-time evolution of such an open quantum system is represented by a 
semigroup of completely positive maps. Continuity requirements are also natural to 
impose in this setting as one of the physical axioms. 

Actually, the representation of such a system as a completely positive semi- 
group represents an approximation to a more general master equation, which ap- 
proximation holds under various simplifying physical assumptions such as those of 
"weak coupling" or a "singular reservoir." Completely positive semigroups arise, for 
instance, in quantum thermodynamics, where the environment may be regarded as 
an infinite "heat bath" whose self-interactions are much faster than those of the sys- 
tem under study. For more on these matters see |Haa73] . |Dav74] . |GKS76] . |Lin76] . 
[Dav76j . |EL77] . and |AJP06j . In the thermodynamic context one typically assumes 
the existence of a normal 0-invariant state u on A, representing a thermodynamic 
equilibrium of the system; correspondingly, one is interested in dilations (21, i, E, a) 
for which there exists a normal a-invariant state w on 21, which dilates u in the sense 
that w o i = uj. In the case of a strong dilation this is automatic, as one can simply 
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define w = u oK, and it follows that 

ujo at = (^0^0 at = UJO(f)f.o'K = ujo'K = w. 

In this setting, dilation is a way of relating the dynamics of an open (or "dissi- 
pative" ) system to the dynamics of a closed (or "non-dissipative" ) system containing 
it. 

Example 1.3.3. Let ^ be a commutative unital C*-algebra, and let S be the maximal 
ideal space of A, so that A ^ C{S). Let {Pt} be a CPo-semigroup on A. By Riesz 
representation we obtain for each t > and each x G S* a measure pt^x characterized 
by the property 

yfeC{S): [ f{y)dptAy) = {Ptf){x). 



Js 
Moreover, since Ptf is a continuous function, the family {pt,x} varies weak-* contin- 
uously in X. The property Pq = id implies that po,x is the point mass at x, and the 
semigroup property Pg+t = PsPt implies the property 



Pt+s,xiE) = / Ps,yiE)dpt,x{y)^ 

Js 
sometimes referred to as the Chapman-Kolmogorov equation. 

Let ^ denote the path space S^'^'°°\ and 21 = C{y). We have the embedding 

i : A ^ ^ given by z(/)(p) = /(p(0)). By the Stone- Weierstrass theorem, the *- 

subalgebra 2lo C 21 consisting of finite sums of functions of the form /i ■ ■ ■ /n , 

where for a path p G J^ the value of /^ depends only on p(tj), is dense in 21. We 

define a unital linear map Eq : 2lo — t- ^ on ^o by 
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Clearly Eq o i = id_4. We will show shortly that Eg is well-defined and contractive, 
so that it extends to a unital contractive (hence positive, hence completely positive) 
linear map E : 21 — ?■ ^ which satisfies E o i = id^ and is therefore a retraction with 
respect to i. 

We define for each t > the continuous maps A^ : .5^ — )■ ^ by (Aip)(s) = 
p(s + t), and the corresponding *-endomorphisms CTf : 21 -> 21 by (Xtf = / o A(. It 
is immediate from the above that E o cr^ o -i = P^, so that we have obtained a unital 
e-dilation of our CPo-semigroup. 

Given any regular Borel probability measure /Xq on S, we obtain through Riesz 
representation a regular Borel probability measure fi on J^ characterized by the prop- 
erty 

V/G21: [ fdfi= [(Ef)dfio. 

Jy J s 

This then implies that 

V/G^: (P,/)(x)=£:[/(p(t))|p(0) = x 

where E denotes conditional expectation in the probabilistic sense, so that we have 
constructed a Markov process {p(t)} with specified transition probabilities. We thus 
obtain a C*-algebraic version of the classical Daniell-Kolmogorov construction, 
at least in the context of Feller processes rather than general Markov processes. 

We now consider an alternate perspective on the same construction, which 
enables us easily to prove that Eq is well-defined and contractive, and simultaneously 
offers a preview of the techniques used in this thesis. For each nonempty finite subset 
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7 C [0, oo) let A-y denote a tensor product of I7I copies of C{S). For /3 C 7 we obtain 
unital embeddings A13 — )■ A.y as follows: Writing 7 as a disjoint union (3 U 7', identify 
A-y with Ap ® A-y' and embed via / 1— )■ / ® 1. This yields an inductive system and, 
using the general fact that C(X x F) ^ C{X) ® C{Y) for compact Hausdorff spaces 

X and Y, we see that lim A-y is isomorphic to 21. The domain of Eq is the union of the 

— i- 

images of all the A-y inside 21, and the well-definedness and contractivity of Eq reduce, 
by induction, to the well-definedness and contractivity of the maps 9t : C{S) (g> C{S) 
given on simple tensors by Ot{f ®g) = {Ptf)g. But such a map 6t may be equivalently 
defined as 



{etF){x)= / F{y,x)dpt^M 
Js 

which obviously yields a well-defined contraction on C{S) ® C{S). 

We note that the e-semigroup {at} is not continuous, even when the original 
semigroup {-Pj} is; that is, we obtain only an CQ-dilation, not an Eo-dilation, of a 
CPo-semigroup. We shall return to this point in chapter [51 

Remark 1.3.4. We view the last two examples as representing the two major streams 
of thought which motivate the study of the dilation theory of completely positive semi- 
groups. On the one hand, in the physics setting such a dilation corresponds to an 
embedding of an open quantum system inside some closed quantum system. On the 
other hand, we have seen that dilating a CPo-semigroup defined an a commutative 
C*-algebra amounts to construction of a Markov process; hence, we may think of di- 
lations of general CPo-semigroups as a way of constructing "noncommutative Markov 
processes." 
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1.4 Continuity Properties of Semigroups 

In this section we examine in greater detail tlie continuity properties of com- 
pletely positive semigroups, beginning with more general considerations regarding 
contraction semigroups on Banach spaces. 

1.4.1 Co-Semigroups 

We recount here some of the essentials of the theory of contraction semigroups 
on Banach spaces, which can be found in |HP57j . |DS88j . |BR87] . and |EN06] . 

A semigroup {T{t)}t>o of contractions on a Banach space X is called a con- 
traction semigroup. Such a semigroup is said to be 

1. uniformly continuous if t i— ?■ T{t) is continuous with respect to the norm 
topology on B{X); that is, if lim \\T(t) — T(to)||_Bm = 

t—>-to 

2. strongly continuous if, for each x G j£, t t— ;■ T{t)x is continuous with respect 
to the norm topology on X; that is, if lim \\T(t)x — T(tQ)x\\x = for each x E X 

3. weakly continuous if, for each x G j£, t H- T(t)x is continuous with respect 
to the weak topology on X; that is, if lim i(T{t)x — T(tQ)x) = for each x G X 

t—>-to 

and each £ G X* 
In case X is the dual of some other Banach space X*, we define the semigroup to be 

4. weak-* continuous if, for each x G X, t i— )■ T{t)x is continuous with respect to 
the weak-* topology on X; that is, if lim i(T(t)x — T(to)a;) = for each x G X 
and each £ G X* 
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These modes of continuity can, of course, be defined for other famihes {T{t)} 
of operators which are not necessarily contractions and do not necessarily form a 
semigroup. In the case of contraction semigroups, however, it turns out that strong 
and weak continuity are equivalent ( [EN06J Theorem 1.1.6). Furthermore, uniform 
continuity is too stringent a hypothesis to be attainable in most applications of inter- 
est, so that the bulk of the study of contraction semigroups revolves around strongly 
continuous contraction semigroups, also known as contractive Co-semigroups . 
More generally, one can study strongly continuous semigroups of bounded operators, 
but it can be easily shown that these may all be written as scalar-valued exponential 
functions times contraction semigroups, so that one reduces to the contractive case. 

The most important object associated with a contractive Co-semigroup is its 
generator, the operator £ on X defined by the formula 



Cx = limt ^\T(t)x — x\ 



This is in general a closed densely defined unbounded operator, and in fact is bounded 
iff the semigroup is uniformly continuous. Furthermore, the generator satisfies the 
resolvent growth condition ||(A1 — >C)~^|| < A^^ for all A > 0. The Hille-Yosida 
theorem provides a converse, stating that every closed densely defined operator 
satisfying this resolvent growth condition is the generator of some Co-semigroup. 
Intuitively, this semigroup is given by T(t) = e*^, but this exponential functional 
cannot be defined through the usual power series when C is unbounded; one can. 
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however, write 



/ t \ 
T(t)x = lim I 1 C X 

n-^-oo \^ n J 

which is known as the Post-Widder inversion formula for Co-semigroups. We 
thus have a bijection between contractive Co-semigroups and closed densely defined 
operators satisfying a resolvent growth condition, with explicit formulas for both 
directions of the bijection. 

A notable consequence of the semigroup property is the equivalence between 
certain notions of continuity and measurability. We define a family {T(t) } of operators 
on X, equivalently viewed as a function T : [0, oo) — t- B{X), to be 

1. uniformly measurable if T is the a.e. norm limit of a sequence of countably- 
valued functions from [0, oo) to B{X) 

2. strongly measurable if, for each x G X, t h-> T{t)x is the a.e. norm limit of a 
sequence of countably-valued functions from [0, oo) to X 

3. weakly measurable if, for each x G X and I G X*, t H- i{T{t)x) is a measur- 
able function from [0, oo) to C 

In case X is the dual of another Banach space X*, we also define {T(t)} to be 

4. weak-* measurable if, for each x G X and i G X*, t H- £{T{t)x) is a measur- 
able function from [0, oo) to C. 

One might ask why we do not instead define the different types of measurability 
using the Borel a-algebras generated by the corresponding continuity types; the short 
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answer is that a better integration theory resuhs from the definitions given here (the 
Bochner integral in the case of uniform measurabihty, the Pettis integral for the 
others) . 

It turns out that weak and strong measurabihty are equivalent when X is 
separable ( |HP57] Corollary 2, p. 73) and, when {T(t)} is a contraction semigroup, 
both are equivalent to strong and weak continuity at times t > ( |HP57] Theorem 
10.2.3). This latter result is analogous to the fact that measurable solutions to the 
Cauchy functional equation f{x + y) = f{x)f{y) on M are exponentials, and hence 
are continuous. However, strong measurabihty at t = is not enough to infer strong 
continuity at t = 0, but requires the additional hypothesis that |J^^QT(t)X be dense 
in X r |HP57j Theorem 10.5.5). 

A contraction semigroup {T(t)} on X induces an adjoint semigroup {T(t)*} 
on X* by the formula {T{t)*f){x) = f{T{t)x). If X is the dual of X, and if each T{t) 
is weak-* continuous, one obtains also a pre-adjoint semigroup {T(t)^} through 
the same formula; since the weak-* topology is of much more interest than the weak 
topology for spaces having a predual, this is usually referred to in the literature as 
the adjoint semigroup (and of course is the restriction of the adjoint semigroup to 
X* C X*). Weak-* continuity and measurabihty of {T{t)} are equivalent to weak 
continuity and measurabihty of {T(t)*}, so that in particular they are equivalent to 
each other at times t > if X* is separable. 

The last topic to consider for contraction semigroups is the passage from sep- 
arate to joint continuity. We summarize the results in the following theorem. 



Theorem 1.4.1 (Joint Continuity of Co-Semigroups). 

1. Let X be a Banach space and {T{t)}t>o o, contractive Co-semigroup. Then 
T{t){x) is jointly continuous in t and x; that is, the map [0, oo) x X — ?■ X 
is continuous with respect to the norm topology on X. 

2. Let X be a Banach space with separable predual X*, and {T{t)}t>o o, weak-* 
continuous semigroup of weak-* continuous contractions on X. Then T(t){x) is 
jointly weak-* continuous in t and x on bounded subsets of X. That is, the map 
[0, oo) X Xi — )- Xi is continuous with respect to the weak-* topology on Xi. 

3. Let A be a W* -algebra and {0t}t>o a Co-semigroup of strongly continuous con- 
tractions on A. Then (ptio) is jointly strongly continuous in t and a at nonzero 
times. That is, the map (0, oo) ^ Ai ^- Ai is continuous with respect to the 
strong topology on Ai. 

Proof. 

1. By the triangle inequahty and the contr activity of the semigroup, 

\\T{s){y)-T{t){x)\\ < \\T{s){y-x)\\ + \\T{s)x-T{t)x\\ < \\y-x\\ + \\T{s)ix)-T{t){x) 
which tends to zero as {s,y) — )■ (t,x). 

2. By Alaoglu's theorem, Xi is weak-* compact, and since X* is assumed to be 
separable, another standard result implies that Xi is weakly metrizable ( |Con90j 
V.5.1). Joint weak-* continuity at (t, a) with t > is therefore a special case of 
Theorem 4 in |CM70] . Joint weak-* continuity at (0,a) is more complicated to 
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establish, but is a consequence of Corollary 3.3 of |Law74] . For the purposes of 
self-containment, we sketch here the relevant arguments. 

(a) If T is a Baire space, X a metric space, and / : T x X — )■ X a separately 
continuous function, then for each x & X there exists a dense Gs subset 
To '^ T such that, for all to ^ Tq, f is jointly continuous at (to, a:). This 



standard result appears as Exercise XI.10.11 in Dug66 and as Exercise 
7.41 in |Roy88| . Given xq G X, one defines for each m, n G N the closed 
subset 

Fm,n = \teT\\/xe 5i/„(Xo) : d{f{t, x), f{t, Xo)) < — >, 

the union of all which is T. One then defines the open dense subsets 

oo 
n=l 

of T, and the intersection Tq = f]^ Om is therefore also dense by the Baire 
Category Theorem. The sets are constructed in such a way that / is jointly 
continuous at (to,Xo) for all tg G To. 

(b) In the case where T = [0, oo) and / is additive in the first variable in the 
sense that /(t + s,x) = /(t, /(s,x)) and /(0,x) = x, one can conclude 
further that / is jointly continuous at (t,x) for all x G X and all t > 0. 
This is theorem 4 of |CM70j . and is proved as follows: Let x G X and t > 0. 
Choose To C [0, oo) dense such that / is jointly continuous at all (to,a:) 
with to G Tq. Because To is dense in [0, oo), it must contain some element 
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to < t. Then for t' sufficiently close to t we will have t' > min(to,t — to)) 
and can write for each x' G X 

/(t',a;') = /(t-to,/(to + t'-t,a;')). 

Now as t' — )■ t and x' — )■ x, fito + t' — t, x') — )■ /(to, x) by joint continuity at 
(to, x). It follows that /(t-to, f{to+t'-t, x')) -^ /(t-to, /(to, x)) = fit, x) 
by separate continuity. 

(c) To establish joint continuity at points (0,a;), we add the assumption that 
X is compact. For each x G X, let G be an open neighborhood of x. For 
each y E X\G, separate continuity implies /(t, x) — )■ x and /(t, y) ^ y as 
t ^^ 0. Since Tq defined as above is dense, one can therefore find a to G Tq 
with the property f{to,x) ^ f{to,y). Some straightforward calculations 
then imply that there exist open sets Wy 3 0, Uy 3 x, and Vy 3 y such 
that f{Wy X Uy) is disjoint from Vy. As the Vy form an open cover of the 
compact set X\G, there exists a finite subcover; taking W and U to be the 
corresponding finite intersections of the Wy and Uy, one has {0,x) & W xU 
and f{W xU)cG. 

3. For strong continuity, we follow the same proof, using the fact that Ai is also 
strongly metrizable ( |Bla06] III. 2. 2. 27). Since Ai is not strongly compact, how- 
ever, we cannot infer joint continuity at (0,a). 

D 
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1.4.2 Completely Positive Semigroups 

So far we have considered semigroups of contractions on Banach spaces. When 
the Banach space happens to be a W*-algebra, and the contractions happen to be 
normal completely positive maps, some stronger continuity results hold than are true 
in the more general setting. Here we note two such results. First, recall that a CP- 
semigroup was defined by the property of point-weak continuity. It turns out that 
such a semigroup is automatically point-strongly continuous. This is Theorem 
3.1of jMSTO] . 

Our second continuity result which is specific to completely positive semigroups 
is an improved statement of joint continuity. 

Theorem 1.4.2 (Joint Continuity for CP-Semigroups). 

Let A be a separable W*-algebra and {(pt}t>o ^ CP-semigroup on A. 

1. (j)t{o) is jointlyweakly continuous in t and a; that is, the map [0, oo) x Ai ^>- Ai 
is continuous with respect to the weak topology on Ai. 

2. 4)t{o,) is jointly strongly continuous in t and a; that is, the map [0, oo) xAi^Ai 
is continuous with respect to the strong topology on Ai. 

Proof. 

1. This follows from Theorem 11.4. 1( we mention it here in order to observe that 
a considerably simpler proof is available in this special case, which appears as 
Proposition 2.23 of jSel97] and as Proposition 4.1(2) of |MS02j . 
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2. This is an improvement on Theorem 11.4.11 because of the joint continuity at 
time 0, which we shall need later. Assume that A C B{H), with H separable. 
Let tn -^ t he a convergent sequence in [0, oo) and a^ — )■ a an SOT- convergent 
sequence in Ai. (We can use sequences rather than nets because Ai is SOT- 
metrizable.) By the first part of this theorem, (ptni^^n) ~^ 'Ptio) in WOT. Now 
for any h & H, 

UtA(^n)h - Ma)hf = UtAan)hf - 2Re (</.*„ (a„)/i, Ma)h) + UMM' 

= {(t>t,Xany(t>tn{an)h,h) - 2Re {(ptn{an)h,(t)t{a)h) + \\(t)t{a)hf 
< {4>tM>n)h,h) - 2Re {<PtMn)hAt{a)h) + UM)h\\^ 

where we have used the Schwarz inequality for 2-positive maps plus the fact 
that a^ttn — )■ a*a in WOT whenever a„ — )■ a in SOT. Taking the limsup as 
n — )■ cxD, we see that (ptS'^n) -^ 4'ti.o) in SOT. 
This appears as Lemma 4 in |VS84] and as Lemma 6.4 in |Sha08] . 

D 

1.5 Survey of Extant Results 

The first results concerning the existence of dilations for cp-semigroups date 
from the 1970's and pertain to uniformly continuous semigroups. Recall that a con- 
traction semigroup is uniformly continuous iff its generator is bounded; |CE79] . 
preceded in special cases by |GKS76j and [Lin76j . showed that the generator of 
a uniformly continuous CP-semigroup on a W*-algebra must have the form a i— )■ 
^(a) + k*a + ak for some element k E A and completely positive map '^ : A ^^ A. 
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This structure theorem was used by [EL77J to prove that a uniformly continuous 
CP-semigroup on a W*-algebra has an E-dilation. However, attempts to prove the 
existence of dilations for point-weakly continuous, or even point-norm continuous 
CP-semigroups were unsuccessful. 

Dilations were shown to exist in special cases (for instance, on semigroups 
having specific forms, on semigroups satisfying additional hypotheses such as the ex- 
istence of a faithful normal invariant state, in the case of discrete-time semigroups, or 
using a weaker sense of the word "dilation") by |Emc78] . |AFL82] . |VS84] . |Kiim85] . 
and others. However, progress on the general problem required a new insight. This in- 
sight was the notion of a product system of Hilbert spaces, developed by Arveson 
( |Arv89a] . |Arv90a] . |Arv89b] . |Arv90b] ). We shall say more about product systems 
in chapter [71 briefly, there is an equivalence of categories between Eo-semigroups on 
B[H) and product systems of Hilbert spaces, so that the problem of constructing 
Eg-dilations reduces in some sense to the problem of building a product system out of 
a CPo-semigroup. Variants of this strategy were used in |Bha96] and |Sel97] to show 
that every CPo-semigroup on B{H) has an Eo-dilation, a result known as Bhat's 
theorem, and the corresponding result for separable W*-algebras was established in 
|Arv03] . Later, the more general notion of a product system of Hilbert mod- 
ules was introduced, leading to new proofs of these theorems in [BSOOj and |MS02j . 
More recently, product systems have been used to study families of completely pos- 
itive maps indexed by semigroups other than [0, oo), with the existence of dilations 
depending on an additional hypothesis known as strong commutativity ( [Sha08j ). 
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A different approach to dilation theory, standing outside this narrative, was 
proposed by Jean-Luc Sauvageot in [Sau86j . |Sau88j . and |Sau91j . Writing during the 
nascence of free probability (shortly after the publication of |Voi85] . for instance), 
Sauvageot developed a modified version of the free product appropriate for use in 
dilation theory. Since the Daniell-Kolniogorov construction (Example I1.3.3P can be 
built using tensor products, which are the coproduct in the category of commutative 
unital C*-algebras, and since free products play the corresponding role in the category 
of unital C*-algebras, this is an attractively functorial way to conceptualize a non- 
commutative Markov process. Using his version of the free product, Sauvageot proved 
that every cpo-semigroup on a C*-algebra has a unital eo-dilation. This dilation the- 
orem was then used to solve a Dirichlet problem for C*-algebras, much as classical 
Brownian motion can be used to solve the classical Dirichlet problem ( |Kak45] ) . 

Sauvageot 's theorem stands virtually alone in achieving a unital dilation; at 
some point, all the other dilation strategies mentioned here rely upon the non- unital 
embedding oi B{H) into B{K) for Hilbert spaces H (Z K. However, although |Sau86j 
asserts that his dilation technique can be modified to yield continuous dilations on 
W*-algebras, little detail is given, and later authors indicate some uncertainty about 
this modification (e.g. |Ska02] ) . Hence, given a CPo-semigroup, it seems that one 
may be forced to choose either a unital eo-dilation or a continuous (that is, Eq-) 
dilation. The present thesis will expound Sauvageot 's dilation techniques in order to 
demonstrate the possibility of achieving both objectives together (Theorem 15. 4. 9p . 
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CHAPTER 2 
LIBERATION 

2.1 Introduction 

Free probability theory was introduced by Voiculescu in |Voi85] . as a tool to 
address the free group factor problem. Free probability has since blossomed into its 
own area of study; its development has been an important success, even though the 
free group factor problem remains unresolved. Sauvageot's ad hoc modification of 
free probability, in contrast, does not appear to have inspired further pursuit beyond 
his first paper. This could be due in part to the relevant free independence prop- 
erty remaining implicit in that paper, appearing only in the midst of the proof of 
Proposition 1.7. 

In this chapter, Sauvageot's version of free independence, which I refer to as 
liberation (meant to suggest something similar to freeness; not to be confused with 
Voiculescu's use of the same word in |Voi99] ) is studied in its own right. As yet the 
only nontrivial liberated system I know of is the one originally used by Sauvageot in 
application to dilation theory. However, I still consider it advantageous to separate 
this part of the exposition, both (i) to clarify the combinatorial aspects of dilation, 
in contrast to its algebraic and analytic features, and (ii) to suggest possibilities for 
further investigation of connections with standard free probability theory. 
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2.2 Background: Free Independence and Joint Moments 

We recall some of the basic notions of free probability, which can be found in 
references such as |Voi85j . |VDN92j . and JNS06] . 

A noncomniutative probability space is a pair {A, 0) where ^ is a unital 
complex algebra and : ^ — ?> C a unital linear functional. Subalgebras {Ai}i^j of A 
are said to be freely independent with respect to if (j){ai^ai^ . . .ai^) = whenever 

• ii, . . . ,in are elements of I such that adjacent indices are not equal, i.e. for k = 
1, . . . , n — 1 one has ik 7^ ik+i] this condition is abbreviated as ii ^ 12 ^ ■ ■ ■ ^ in 



ajj. G Ajj, for each k = 1, . . . ,n 



(ajj.) = for each /c = 1, . . . , n. 



Given noncomniutative probability spaces {{Ai, (pi)}, a. construction known as the free 
product of unital algebras yields, in a universal (i.e. minimal) way, a noncommutative 
probability space {A, 0) and injections fi'.Ai^A satisfying 0o/j = 0j, such that the 
images fi{Ai) are freely independent with respect to 0. Furthermore, this construction 
on unital algebras can be "promoted" to a construction on unital *-algebras or C*- 
algebras; in the latter case it is related to the free product of Hilbert spaces. 

One implication of free independence which is essential for our present purposes 
is that it determines the value of on the subalgebra generated by {Ai}. Given 
^1 7^ ^2 7^ ■ ■ ■ 7^ ^n and elements aj^, G Aj^., one can compute the joint moment 
0(aij . . . Oj^) as follows: 



27 

• Center each term aj^.; that is, rewrite it as dj^. + 0(ajj.)l, where we define 
X = X — 0(x)l. 

• Expand the product (djj + 0(ajjl) ■ ■ ■ (dj„ + 0(aj„)l), thus obtaining a sum of 
2" words. 

• Simplify by pulhng out scalars: rewrite, for instance, djj (</)(aJ2)l)dj3 as (j){ai^)ai-^ai^. 

• After simphfication, the only remaining word of length n is the centered word 
djj . . . dj^. Applying the procedure iteratively to all the smaller words that have 
been generated, one can rewrite the original word as a sum of many centered 
words, plus a word of length 0, i.e. a scalar. Since (p vanishes on centered words 
and is unital, its value at the original word is therefore whatever scalar is left 
when this iterative procedure terminates. 

Using this outline, one can calculate 0(ajj . . .««„) whenever i\ ^ i^ ^ ■ • ■ ^ in- Of 
course, no generahty is lost by this hypothesis, as neighboring terms belonging to the 
same subalgebra can be combined. 

For use in proofs, it will be convenient to formalize the above procedure in 
terms of a recursive definition. I have not seen such a formalization in the literature, 
so I present the following. 

• We use subset notation to indicate sub-tuples of an ordered tuple; thus, (1, 3) C 
(1,2,3,4,5) and (1,2,3,4,5) \ (1,3) = (2,4,5). We also use \n\ to denote the 
tuple (1, 2, . . . , n). For a set S we use S'" = U^i '5'" to denote the set of all 
finite ordered tuples from S. 
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Given a set / and a tuple Tg /", the consecutivity tuples of Tare the maximal 
consecutive sub-tuples of [n] such that ij is the same for all j in such a tuple. 
For instance, if l= (1, 2, 2, 1, 1, 3, 1) then the consecutivity tuples are ci = (1), 
C2 = (2, 3), C3 = (4, 5), C4 = (6), and C5 = (7). We say that Tis nonstammering 
if all its consecutivity tuples have length 1; this is another way of stating the 
condition i\^ ii^ ■ ■ ■ ^ in- 

Given a noncommutative probability space {A, 0) and a nonempty set J, we 
recursively define two moment functions, the alternating moment function 
AM : ^t* — )■ C and the general moment function GM : (/ x Af — )■ C. 

In the base case n = 1 we define AM(ai) = (^{a\). 

Given Te I"^ with consecutivity tuples Ci, . . . , q, define 

GM(i; a) = AM j JJ Xj, . . . , JJ Xj 
\ieci j6Q 

Note that this defines a general moment in terms of alternating moments of at 
most the same length. 

For n > 1 define 

AM(ai,...,a„) = ^GM(^j;(a,-,,...,a,-,|)) JJ 0(afc) 

Jc[n] k&[n\\] 

where |j| denotes the length of j. By substituting the above definition of the 
general moment, we see that this defines an alternating moment in terms of 
alternating moments of strictly shorter words. 
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Note that AM(ai, . . . , a„) = whenever 0(ai) = ■ ■ ■ = 0(a„) = 0, as the sum 
is over proper subsets j C [n] and hence the product 1 [ 0(ayfc) is always 

ke[n]\J 

nonempty and therefore zero. 



Theorem: Let A, (p, I be as above, and {yl,;}ig/ a 0-freely independent family 
of unital subalgebras of A. For n E N and (T, a) E {I x A)"^, we say that V 
locates a if afc G Aj^. for each k = 1, . . . ,n. Let ^loc C {I x A)^ consist of all 
(r, a) such that Tlocates a, and ^ns C A^ consist of all a such that there exists 
a nonstammering tuple which locates a. Then 



1. for any (T, a) G ^] 



loc 



(oi . . . an) = GM(6^ a) 



2. for any a E An 



(ai...a„) = AM(a). 



The proof is by induction on n; using the center-expand-simplify procedure 
outlined above, one can see that (f){ai ■ ■ ■ an) satisfies the same recurrence and 
initial conditions as (the relevant restrictions of) the functions GM and AM. 

2.3 Defining Liberation 

We now develop two variations on free independence, which will be of use in 
dilation theory. 

Definition 2.3.1. Let C be a unital algebra, z/ : C — ?■ C a unital linear functional, 
e : C — )■ C a linear map. Given a triple [A, B, p) consisting of unital subalgebras 
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A,BCC and a unital linear map p : A ^>- B between them satisfying e o p = e, we 
introduce the notation a = a — p{a) for elements a & A; note that in general a is 
neither an element of A nor of B. We say the triple {A, B, p) is: 

1. right-liberated (with respect to u and e) if c is a 5-bimodule map, i.e. 

e [61x62] = 6ie[x]62 for all 61,62 ^ B and x & C, and for every n > 1, every 
ai, . . . , a„ G A, and every 61, ... , 6„_i G B satisfying z^(6i) = ■ ■ ■ = z/(6„-i) = 0, 



ai6i . . . a„ 



0. 



2. left-liberated if e is an A-bimodule map and for every n > 1, every ai, . . . , an-i G 
A, and every 61, . . . , 6„ G 5 satisfying i^(6o) = • • • = z/(6„) = 0, 



610162 . . . a„,_i6„ 



0. 



We note that the criteria in these definitions resemble free independence, in 
that the alternating product of centered terms is centered. The key difference, how- 
ever, is that the centering takes place with respect to several different maps — elements 
of B are centered with respect to u, elements of A with respect to p, and the alter- 
nating product with respect to e. 

In some cases it will be useful to generalize this definition. 

Definition 2.3.2. Let A, B be unital algebras and p : A ^ B a. unital linear map. A 
right-liberating representation of the triple {A, B, p) is a quintuple {A, /, g, e, u) 
where 

• ^ is a unital algebra 
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• f : A —> C and g : B ^)- A are unital homomorphisms 

• z/ : ^ — 7- C is a unital linear functional 

• e : ^ — 7- ^ is a (not necessarily unital) linear map 
satisfying the following criteria: 

1. to g o p = to f 

2. e is a 5f(i?)-bimodule map 

3. for every n > 1, every and ai, . . . , a„ G A, and every 6i, . . . hn-i G B such that 
z/((?(6i)) = ...z/(^(6„„i)) = 0, 

(/(ai) -^(/)(ai)))^(6i)---^(6„_i)(/(a„) - ^(p(a„))) =0 

and a left-liberating representation is such a quintuple satisfying 

1. to g o p = to f 

2. e is an /(y4)-bimodule map 

3. for every ra > 1, every and ai, . . . , a„_i G A, and every 6i, . . . 6„ G -B such that 
z/(^(6i)) = ...z/(^(M) = 0, 



9{bi){f{ai) - g{p{ai))) ■ ■ ■ (/(a„_i) - g{p{an-i)))g{br, 



0. 



Remark 2.3.3. If there exists a map p : f{A) — )■ 5'(-B) with the property po f = gop, 
then Definition f l2.3.2p reduces to the statement that {f{A),g{B),p) is liberated in 
the appropriate sense from Definition (12.3. ip . Such a map p need not exist in general, 
but it does in two important special cases: 
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1. If / is injective, one may define p = g o p o /~^. 

2. If (e o g) is injective, one may define p = g o (^c o g)'^ o c. Then 

po/ = fl'o(eo gy^ ocof=go{to gY^ otogo p = go p. 

Both of these cases will be used subsequently. 

2.4 Right Liberation and Joint Moments 

Like free independence, liberation is a property that implies an algorithm. 
The idea is the same — by centering, expanding, and simplifying, one can write any 
word as a centered word plus shorter words — but since the centering takes place with 
respect to three different maps, the details of the procedure are more complicated. 

Suppose C is an algebra in which [A,B,p) is right-liberated with respect to 
e, V as above. We continue to use the notation a = a — p{a) for a & A. Let {A, B) 
denote the subalgebra of C generated by A and B. We consider two types of words 
in {A,B): 

1. A word of the first type is of the form h^aihi . . . 6^_ia^6^ for some ai, . . . , a^ G A 
and bo, . . . ,be E B. 

2. A word of the second type is of the form bociibi . . . bi^iagbg for some Oi, . . . , a^ G 
A and bo, . . . ,be E B. 

Since B is unital (so that we can take bo = 1 and/or bi = 1), words of the first 
type span {A,B). However, we will have use for words of both types. We refer 
to the number i above as the length of the word; hence a word of length zero is 
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simply an element of B. We say that a word of either type is in standard form if 

z/(6i) = • ■ ■ = K&,_i) = 0. 

To calculate c on a word boai ■ ■ ■ aibe of first type, we proceed thus: 

• Center the 6j for < i < i, expand, and simplify. Here "center" means to write 
bi as hi + z/(6j)l. 

The result of this step is a sum of standard-form words of the first type, each 
with length at most i. The lengths of some words are less, because aj(i/(6j)l)aj+i 
is an element of A. 

• For each of the resulting words, center the Oj, expand, and simplify. Here 
"center" means to write Oj as Oj + p{ai). Simplification can result in shorter 
words because 6jp(aj+i)6j+i is an element of B. 

The result of this step is a sum of words of the second type. Not all of these words 
are in standard form, because simplification can create non-centered elements 
of B. However, all words are of length at most i, and (crucially) the only word 
of length i is in standard form. 

• The resulting words which are not in standard form can be rewritten as sums of 
words of the first type, by un-centering the hi (that is, writing hi as a^ — p{ai)), 
expanding, and simplifying. In the resulting sum of words of the first type, all 
have length strictly less than i. 

• By iterating, this procedure allows us to write our original word boaibi . . . a^be 
as a sum of standard-form words of the second type, plus words of length zero. 
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which are just elements of B. Since c vanishes on standard-form words of the 
second type and is a 5-bimodule map, this determines e[6oOi • • • dibe] in terms 
of e[l]. 

As in the case of ordinary free independence, we can parlay this algorithm 
into a recursive expression for joint moments. As the procedure is more complicated, 
however, we end up defining three "moment functions" rather than two. 

• Given a noncommutative probability space {A,^), subalgebras A,BgA, and 
a linear map p : A — )• i?, let 

We = {{bo, ai,bi,...,ai,bt,)\ai,...,aee A; b^, . . . ,b(, E B}, i>0 

denote the alternating tuples of length 2£ + 1 which start and end with an 
element of B, and W/ = IJ^o ^^- This corresponds to the set of type I words as 
described above. More precisely, if we define the product function 11 : W/ — )■ A 
by n(6o, cii,bi, . . . , ai, bi) = boaibi ■ ■ ■ aibi, then its range n(W/) is the set of 
type I words. 

• Given £ > 1, x G We, and a subset Tc [£ — 1], we define the left collapse of x 
determined by V, denoted LC(a;; t), as follows: Let l = (zi, . . . , im)- For each 

k = 1, . . . ,m + 1 define Ok = Yl ^ji where we adopt the convention zq = 

j=jfc„i+i 



and i 



rn+l 



Then LC(f; t) = {bo, ai, h^ - u{bi^)l, ...,am, &i,„ - ^{hm)'^, am+i, bi). This is 
the vector that results by taking x, replacing those bj with < j < £ and j eV 
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by bj — z/(6j)l, replacing those bj with < j < i and j ^ Tby 1, and then 
multiplying together adjacent terms from A. It is an element of W|^+i. 

Similarly, given x G We and a subset T C [i], we define the right collapse 

of X determined by V, an element of yV\i] denoted RC(a;; l), as follows: Let 

«fc+i-i 
r= {ii,...,im)- For each fc = 0,...,m define /3fc = 6j^, fl p{aj)bj, where 

j=«fe+i 

we retain the convention zq = but now set im+i = i + 1- Then RC(x; l) = 
(/So, dii, (3i, • • • , fli™, /3m)- This is the vector that results by taking x, replacing 
those ttj with j ^ Tby p{aj), and then multiplying together adjacent terms from 
B. 

Given y G We and a subset Tc [^], we define the un-collapse of x determined 
by i, an element of yV\ri denoted \JC{x;I), as follows: Let V = (^i,..., v)- 
For each k = 0, . . . ,m define /3k = bi^. Yl i~Pi^j))^j^ where we continue to 
interpret io as and im+i as £ + 1. Then UC(x; i) = (/3o, a^j, /3i, . . . , aj^, /3m)- 
This is the vector that results by taking {bo, ai, bi, . . . , ai, bi), replacing each aj 
with j ^ rby —p{aj), and then multiplying together adjacent terms from B. 

We define three functions LM, RM, UM : W/ — )> 5, which we call the left- 
centering moment function, the right-centering moment function, and the un- 
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centering moment function, by 

LM(5o) = RM(6o) = UM(6o) = &o, (2.1) 

LM(f) = ^ RM(LC(,x; ri) JJ iy{x2j+i), (2.2) 

tc[i] je[ev 

RM(x) = Y^ UM(RC(f;r)), (2.3) 

(rc[f+i] 

UM(f) = J2 LM(UC(f;r)), (2.4) 

rci^+i] 

for X G W^+i. This produces a well-defined recursion because of the strict subset 
inclusion T C [£ + 1] in the definition of RM, so that one obtains moments of 
strictly shorter words. 

Remark 2.4.1. Note that evaluating the LM function on a word of length i returns 
a sum of 2^~^ evaluations of the RM function on words of length up to i; on a word 
of size k < i, the RM function returns a sum of 2*^"^ evaluations of the UM function 
on words of length strictly less than k; and on a word of size j < k, the UM function 
returns a sum of 2^ evaluations of the LM function on words of length up to j. This 
implies that the number of terms in the evaluation of the LM on words of length 
i is bounded above by the sequence {s^} determined by Sq = 1 and s^+i = 8^+^s^, 
which has the closed form si = 8^*^^^^-*/^. Of course the actual number of terms is 
considerably less, due both to cancellation and to the fact that this estimate treats 
all words of length less than i as if they had length i. 

Theorem 2.4.2. Let {A,B,p) be right-liberated in A with respect to e, z/. Then for 
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any x G W/, 

e[n(f)] = LM(f)e[l]. 

Proof. We prove this for x & Ag hj induction on i. The base case i = is trivial, 
and in general, the center-expand-simplify procedure shows that e[n(x)] satisfies the 
same recursion as LM(x)e[l]. The strict subset inclusion in the definition of RM 
arises because the r= [i] term corresponds to a centered word, which vanishes when 
e is applied. D 

Corollary 2.4.3. Let {A, B, p) he right-liberated in A with respect to c, u. Let {A, B) 
denote the subalgebra of A generated by A and B. Then 

{A,B)] =t[B]. 

The obvious generalizations of Theorem fl2.4.2p and Corollary (12.4. 3p to right- 
liberating representations is true as well, and are verified inductively in the same 
manner. We record them here without proof. 

Theorem 2.4.4. Let (^, /, (7, e, i/) be a right-liberating representation of {A,B,p). 
For X = {Bq, ai,bi, . . . ,a£, be) G W/, let (/ x g){x) denote the element 
g{bo)fiai)gibi) ■ ■■f{ae)gibi) e A. Define the functions LM^,RMr,UM^ : Wj ^ B 
as in equations l^2.1\) - [K4\ ), except with v replaced by v o g. 
Then for any x G Wj, 

e[(/x(7)(x)]=LM,(f)e[l]. 
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Corollary 2.4.5. Let {A, f,g,c,i') be a right- liberating representation of {A,B,p). 
Let {A,B) denote the subalgebra of A generated by f{A) and g{B). Then 

{A,B)\=t[g{B)\. 

Later we shall be interested in the continuity properties of joint moments. We 
record here the following simple observation: 

Proposition 2.4.6. Let {A,B,p) be right-liberated in A with respect to (e, i^), where 
A is a W* -algebra and p, c, u are all normal. Then 

1. For any x G W/, LM(x) is normal in each entry of x. That is, given £ > 0, 
X G Wi, and 1 < j < 2£ + 1, let Xk be fixed for all 1 < k < 2i -\- 1 with k ^ j ; 
then LM(x), viewed as a function of Xj, is a normal linear map from A or B 
(depending on the parity of j) to A. 

2. If p is strongly continuous on the unit ball Ax, then LM(x) is jointly strongly 
continuous in the entries of x on bounded subsets. That is, the corresponding 
map y4i X i?i X ■ ■ ■ X y4i — ;■ ^ zs strongly continuous. 

The proof is a straightforward induction on I. For the second part we use the 
fact that e and v^ being completely positive and normal, are therefore also strongly 
continuous ( |Bla06] III. 2. 2. 2), and that multiplication is jointly strongly continuous 
on the unit ball. 

Later we will need to consider moments with respect to several maps. When 
need arises, we use LM(x; p) in place of YM.{x) for specificity. 
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Proposition 2.4.7. Let A be a W* -algebra, e andv normal, Ad A a W* -subalgebra, 
and {0i}i>o o CP-semigroup on A. Then for each fixed x G W/, LM(x; (pt) is strongly 
continuous in t. 

Proof. As discussed in section [T. 4. 21 t H- 0t(a) is strongly continuous for fixed a E A. 
The result is now a straightforward induction, using this fact plus the joint strong 
continuity of multiplication on the unit ball of A. D 

2.5 Left Liberation and Joint Moments 

Unlike right liberation and strong right liberation, left liberation is a condition 
involving an unspecified scalar; as this scalar can propagate through the recursion, 
calculation of moments is impossible. However, we can still draw some important 
conclusions. 

We use a similar definition of words of the first and second types, but with 
the roles of A and B interchanged; that is, our new type I words are of the form 
aobitti . . . bitti, and our new type II words of the form 0061016202 • ■ • bi-ihi-ibitti. A 
word of either type is in standard form if i^(6i) = ■ ■ ■ = //(fe^) = 0. 

The new center-expand-simplify strategy is as follows: 

• Given a word of type I, center the bi, expand, and collapse. The result is a sum 
of type I words in standard form of length at most £. 

• Center the Oj for < i < £, expand, and collapse. The result is a sum of type 
II words of length at most i, such that the only word of length i is in standard 
form. 
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For remaining words not in standard form, un-center the Oj, then apply the 
same procedure to the type I words that resuh. 

We formahze this strategy in the following definitions: 

For each £ > let 

We = {(flo, bi,ai,...,bi,ai) \ Uq, . . . ,ai E A; 61, . . . , 6^ G B} 

and let W/ = IJ^o ^^- Define the product function 11 : W/ — !■ ^ by 

n(ao, 61, ai, . . . , be, ai) = ao^i^i • • • bea^. Note that the span of n(W7-) is {A, B). 

Given £ > 1, x G W^, and a subset Tc [£], suppose that i= {ii, . . . ,im)- 

«fc+i-i 
For ecah k = 0, . . . ,m define a^ = II Uj, with the conventions zq = and 

im+i = ^ + 1. Then we define 

LC'(x; l) = (ao, h^ - i^ikjl, ai,...,bi^- i^ih^)!, am)- 

This is the vector that results by starting with x, replacing those bj with j G T 
by bj — u{bj)l, and the others by 1, and multiplying together adjacent terms 
from A. It is an element of W|i^. 

Given X G Wi and a subset T C [£ — 1], suppose V = {ii, ■ . . ,im)- For each 
k = 1, ..., m + 1 let /3k = bi^, TT p{aj)bj+i, and define 

j=ik 

RC'{x]L) = {ao,(3i,ai^,...,ai^,f3m,ae). 

This is the vector that results from starting with x, replacing those aj with 
j ^ rby p{aj), and then multiplying together adjacent terms from B. It is an 
element of >V|^+i. 
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As before, the un-coUapse is defined in the same way except with a minus sign; 

«fc+i-i 
that is, redefine (5^ = h^ TT i~Pio.j))bj+i and then let 

j=ik 



\JC'{x;V) = (ao,/3i,aii,. . . ,ai^, /3m,ai). 



Define LM', RM', UM' : W/ ^ A by 



LM'(ao) = RM'(ao) = UM'(ao) = oq, 

LM'(x) = J2 RM'(LC'(f; l)) JJ u{x2j] 

rc[^+i] je[i+i]V 

RM'(f) = ^UM'(RC'(f; i)), 

UM'(x) = J2 LM'(UC'(f; r)) 

tell] 



(2.5) 
(2.6) 

(2.7) 

(2.8) 



for X G W^+i. 



We then have the following analogues of our prior results. 

Theorem 2.5.1. Let {A, B, p) be left-liberated in A with respect to e, u. Then for any 
X e Wi, 

e [n(f)j =LM'(f)e[l]. 

Proof. The center-expand-simplify procedure shows that e[n(x)] satisfies the same 
recursion as LM'(x)e[l]. D 

Corollary 2.5.2. Let {A,B,p) be left-liberated in A with respect to e, z/. Let {A,B) 
denote the subalgebra of A generated by A and B. Then 

t\{A,B)\ =t[A]. 
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Theorem 2.5.3. Let {A, /, g, e, u) be a left-liberating representation of {A, B, p) . For 

X = (ao, bi, ai, . . . , bi, ag) G W/, let (/ x g){x) denote the element 
fiao)9ibi)fiai) . ..g{bi)f{ai) E A. Define the functions LM;,RM;,UM; : Wi ^ B 
as in equations Ii2.5\) - I[27^) . except with v replaced by v o g. 
Then for any x G Wj, 

c[(/x(7)(x)]=LM;(f)e[l]. 

Corollary 2.5 A. Let {A, /, g, c, u) be a left- liberating representation of {A, B, p). Let 

{A,B) denote the subalgebra of A generated by f{A) and g{B). Then 

{A,B)] =t[f{A 
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CHAPTER 3 
THE SAUVAGEOT PRODUCT 

3.1 Introduction 

In this cliapter we develop a modification of the unital free product of C*- 
algebras, adapted for use in dilation theory. As mentioned in example fll.3.3p . the 
classical Daniell-Kolmogorov construction can be reduced to the construction of maps 
Ot : C{S) ® C{S) -^ C{S) given on simple tensors by OtU ® q) = {Ptf)g- We shall 
return to the details of this reduction in chapter HI at present we only describe enough 
of its features to see what we shall need for the appropriate noncommutative analogue. 

Among the many embeddings of C{S) into C{S) ® C{S) we distinguish two, 
the "left" embedding / i— )■ / ® 1 and the "right" embedding / t— ;■ 1 ® /. The map 6t 
is a retraction with respect to the right embedding, and its composition with the left 
embedding is Pt- That is, by constructing 6t we factor Pt into an embedding followed 
by a retraction (with respect to a different embedding), as depicted in the following 
diagram: 

c{s)®c{s) . etU ® 9) = PtU)9 



More generally, the inductive process will work with tensor powers C{S)®'^' for finite 
sets 7 C [0, oo), building for each one a retraction e^ : C{S)®^ — )■ C{S). Given 
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7' = 7 U {tk}, where r = t^ — mint > 0, we will seek to define ey such that 

te7 



CiSr^' ,^, e,if0g) = PAe,{f))g 



We note in passing that Stinespring dilation produces a very similar diagram: Given 
a unital completely map : A — > B{H) with minimal Stinespring triple {K, V, vr), we 
obtain 

B{K) ^ e{T) = V*TV 

A^BiH) 
Crucially, however, the right embedding in this case is the non-unital map X i— )■ 

VXV*, in contrast to the unital embedding in the commutative example. Hence, we 

take the tensor product as our model in what follows. 

In addition to constructing tensor products C{X) ® C(Y) ^ C{X x Y) of 

commutative unital C*-algebras, one can also form tensor products of maps between 

them, and the resulting maps satisfy certain functorial properties. We summarize the 

properties of the tensor product which we shall seek to replicate in this chapter: 

1. Given unital C*-algebras A,B and a unital completely positive map A ^ B, 
we construct a unital C*-algebra A-kB with unital embeddings of A and B, the 
images of which generate A-kB. 

2. We also construct a retraction A-k B ^ B which factors in the sense of the 
above diagrams. 
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3. Given unital completely positive maps A ^ B and C ^ D, and given unital 
*-homomorphisms A — )■ C and B ^ D such that the square 



/ 9 

commutes, we construct a (necessarily unique) unital *-homomorphism 
f-kg: A-kB^C-kD such that the squares 



A^B^^Ci^D 



Ai.B^^Ci.D 



A 



C 



B 



D 



commute. 



We now begin our development of a construction satisfying these requirements. 



3.2 Sauvageot Products of Hilbert Spaces and Bounded Operators 

Just as the free product of unital C*-algebras can be constructed from a free 
product of Hilbert spaces ( |Voi85] ). our product construction on C*-algebras will rely 
on an underlying construction on Hilbert space. Some notational preliminaries: For 
a Hilbert space H, H^ denotes H (B C, and if a unit vector has been distinguished, 
H~ denotes the complement of its span. A distinguished unit vector (such as 1 G C 
as an element of the direct sum H (BC) is generally denoted by Q. We also follow the 
convention (most common in physics and in Hilbert C*-modules) that inner products 
are linear in the second variable. 
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Definition 3.2.1. Let T-i and C be Hilbert spaces. The Sauvageot product l-i-k C 
is the space 

oo 
n=0 

with the convention C~^^^ ® C = C. 

Though defined as a direct sum, the Sauvageot product of Hilbert spaces may 
also be viewed as an infinite tensor product, as expressed in the following proposition. 

Proposition 3.2.2. Let l-L and L he Hilbert spaces, and /C = H^ © C Denote 
by £+'^^ the infinite tensor power of C^ with respect to Vt. Then there are unitary 
equivalences between Ti-k C and both Ti^ © £+'»n ^^^ ^ ^ £+®n^ under which 

• the subspace l-L © £+®^ of Ti^ © £+®^ is identified with the subspace 

oo 

0H©£+®"©£ ofUi^C 

n=0 

• the subspace C © £+®^ of Ti^ © £+®n is identified with the subspace 

oo 
n=0 

• the subspace T-i © C^®^ of K® £+®n ^s identified with the subspace 

oo 

7/ ©0H©£+®"©/: o/H^/: 

n=0 

• i/ie subspace C © £+®^ of IC® (1+®^ is identified with the subspace 

oo 

£ © C © £+®("-i) © £ ofUkC 

n=l 

• the subspace C © £+®^ o/ /C © £+®^ ^s identified with the subspace 

oo 

£ © /:+®("~^) © /: o/H^£ 

n=l 
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Proof. We will use the unitary equivalences £+'^^ ^ C~^ ® C'^^^ , which is evident, and 
£+®N ^ ((^00°^^ £+®'"(g)£, which follows from the construction of the infinite tensor 



power: If Ko.n : >C+®" -^ £+®n denotes the hmit map, then £+®^ = Ur=o '^oo,n>C+®", 
and in order to get a direct sum we orthogonalize using 

(Ko,n+i>C+®("+^)) e (Ko,n>C+®") ~ £+®" ® C. Repeated application of these equiva- 
lences plus the associative, commutative, and distributive laws 

H®{Ki®K2) ~ {H®K^)®K2, H®K ~ K®H, H^^K^QK^) - {H®K^)®{H®K2 

and the identity H (^C c^ H yield 

jc ® £+®^ = {n+ © £) ® £+®^ ^{H® £+) ® /:+®^ ^ (?/ ® /:+®^) © (£+ ® £ 

^ (7/ © £+^^) © £+^^ ~ (7/ © £+^^) © (C © £+^^) ~ ?{+ © £+^^ 
and 

oo 

7/*£ = H+©0(H© £+®" © £ © £+^" © £) 

n=0 

oo 

^ CH+ © C) © (?/ © £+®" © £ © C © £+^" © £) 

n=0 
oo / oo \ 

~ {H+ © C) © 0CH+ © £+®" © £) ^ 7^+ © C © £+^" © £ ~ ?/+ © £ 



,0 W /l- I — 7T, W >1- 

n=0 \ n=0 



The specific identifications arise by following subspaces through these equivalences. 

D 

As a simple corollary, we obtain the folllowing identifications: 

Proposition 3.2.3. Let 'H,'Hi,'H2, C be Hilbert spaces. 

1. {Hi® HiV i^C^(Uii.C)® {Hi * £) 
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2. Hi.{Q}-H+ 

Our next goal is to define the product of maps between Hilbert spaces. 

Definition 3.2.4. Let "Hi, "^2, C,i, C,2 be Hilbert spaces, /Ci = V.f®Ci and /C2 = "H^© 

C2, S : Tif — )> "H^ and T : /Ci — t- /C2 bounded maps, and V : Ci ^ C2 ^ contraction. 
Define the bounded maps S-kV : Tii-kCi — )• 1-12 -k C2 and Ti^V : Tii-kCi — )■ 1-12 -k C2 as 
follows: Let V^+ = V^ © id^ : Z:^ ^ Z:^ and let V+®^ : £+®^ ^ £+®^ be the limit of 
the contractions V^+^" : £|®" -> £^®". Then 5^V" : Hii^Ci -^ H2i^C2 is the operator 
S ® V"+®^ : nt ® £1®^ ^ ?/^ © £^®^ composed with the unitary equivalences of 
Proposition [3221 similarly, T^^V^ is the operator T©\/+®^ : /Ci©£|®^ -^ /Cs©/:^®^ 
composed with the appropriate unitary equivalences. 

By following the sequence of maps in the proof of Proposition 13.2.21 we can 
calculate how product maps act on the various summands of Hi -k Ci. 

Proposition 3.2.5. Let l-Li,l-L2,Ci,C2 be Hilbert spaces, and for i = 1,2 let /Cj = 

H^ © Ci. Let Hf — )■ I-L2 and /Ci — )■ IC2 be bounded operators and £1 — )■ £2 a 
contraction. For each n > let V^"-^ denote V^+®" © V : £^®" © £1 ^ £^®" © £2. 

Let h G nt, ho eHi, k e /Ci, £ G Cf , and ^ G £^®" © £1 for some n>0, 
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and suppose that 



Sill = ail2 + y, a e C, y e 7^2 

Sho = /3fi2 + 2, (3eC,zeH2 

Tho = 7] + w, T] E 7^2, w E C2 



Then 



{Si.V)h = Sh 

(S ^ V)^ = aV'^''^^ + (y ® l^(")0 

{Si<v)iho ® = py^"^^ + (^ ® ^^"^0 

{T^V){ho ® = (^ ® ^^"^0 + {w^ v^^^^O 

{Ti^v){i ® = (C ® ^^"^0 + (^ ® ^^"^0- 

Next, we develop some of the essential properties of this construction. 



Proposition 3.2.6. Let Tif — )■ H^ — )■ Ti^ and /Ci — )■ /C2 — ^ ^3 ^e bounded maps, 
and Ci ^ C2 -^ C3 contractions. 



1. {S'i.V')o{Si.V) = {S'oS)i.{V'oV) and{T'^V')o{T^V) = (T oT)^{V' oV). 

2. If S is the identity map on "Hi = 7^2, and V the identity map on £1 = C2, then 
S-kV is the identity map on Hi -k Ci = 'H2 ^ £2- Similarly, ifT and V are the 
appropriate identity maps, then so is TicV. 



50 

3. ||^^r||< 11^1111^11 and ||T^r||<||T||||r||. 

4- If S and V are isometries (resp. unitaries), so is S-kV ; ifT and V are isometries 
(resp. unitaries), so is TiiV. 

5. {Si<Vy = S*i<V* and{Ti^Vy = T*i^V*. 

6. If S decomposes as a direct sum Sj^(BSj^ : 7ii(BC — ?■ 'H2©C, then S-kV maps the 
summands of Hi -k Ci into the corresponding summands of 1-12 *'^2- That is, if 
Pi is the projection from Til -k Ci onto any ofHf, £^®"®£, or Ki ^ C^'^"' ^ C , 
and P2 the projection from 7^2 * ^2 onto its corresponding subspace, then 

{SkV)Pi = P2{Si.V). (3.1) 

Similarly, if T decomposes as a direct sum T^®T^ : "Hi © £1 — )■ 7^2 © C2 and 
Pi,P2 are as before, then 

{Ti^V)Pi = P2{Ti^V). (3.2) 

7. // 5* decomposes as the direct sum S^Q)idf^ : Hi © C — )■ 7^2 © C and T = S (BV , 
thenSi^V = TkV. 

Proof. The first five assertions are simple consequences of the corresponding proper- 
ties of tensor products of operators. The sixth follows as a special case of Proposition 
13.2.51 with y = (] = OoTW = ( = 0, and the seventh is also an easy corollary of 
Proposition 13.2.51 D 

Remark 3.2.7. The first two properties say that — *— and — ^— are bifunctors from 
(Hilbert spaces, bounded maps) x (Hilbert spaces, contractions) to (Hilbert spaces. 
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bounded maps), and the third and fourth imply that they restrict to bifunctors from 
(Hilbert spaces, contractions)^ to (Hilbert spaces, contractions), from (Hilbert spaces, 
isometries)^ to (Hilbert spaces, isometries), and from (Hilbert spaces, unitaries)^ to 
(Hilbert spaces, unitaries). 

Remark 3.2.8. Together, the fourth and seventh parts of Proposition 13.2.61 imply 
that, given isometries VT : Hi — ?■ 7^2 and ^ : £i — )■ £2, one obtains an isometry 
Tii-kCi — )• 1-L2'k C2 which may be constructed either as {W ®id^)'*^V or as (VTffiidj, © 
V)^V . The sixth part then implies that this induced isometry maps each summand 
of l-ii -k C,\ into the corresponding summand of 'K2 ^ €,2- 

An important special case of Proposition [372.5l occurs when Hi = 7^2, Ci = C2, 
and V is the identity map. In this case we obtain unital representations of both B['H^) 
and B{1C) on "H * £, given hy S ^^ S -k I and T h-> Tl^I. 

Proposition 3.2.9. Let Ti and C be Hilbert spaces and K, = l-C^ © C Let $ : 
BiTi^) —7- BiTi -k C) and \1' : -B(/C) — t- BiTi * C) be the representations induced by 
the unitary equivalences of Proposition \3T27B, Let b G B{'H^), a G -B(/C), h G "H"^, 
/lo G "H, /c G /C, £ G C~^ , and ^ G £+'^" © £ for some n >0, and suppose that 

bho = pn + z, /3 eC,z en 

aho = r] + w, r] eH^w E C^ 
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Then 

<l>{b)h = h 

vl/(a)A; = ak 

The following is an immediate consequence: 

Corollary 3.2.10. In the situation of Proposition \3'.2. ^ the subspaces T-C^ and 
(^£+®n ®C)®{H® £+®" ®C) ofUi^C are ^-invariant, while the subspaces 
H+ ®C and [U ® £+®'" ® £) © (/:+®("+i) ® £) are ^-invariant. 

We visualize this corollary using a stairstep diagram: 
The rows here are ^-invariant, while the columns are \l/-invariant. Equivalently, $ 



53 



and \1/ have staggered block- diagonal decompositions: 



* 
0**00 
0**00 
0** 
0** 



$ 



^ 



* * 



* * 



0**00 



0**00 



0** 



0** 



We see that a sufficiently long word $(6o)^(a.i)'^(&i)^(o2) ■ ■ ■ applied to a vector 
in one of these subspaces could have a nonzero component in any other subspace. 
Keeping track of such components will become important later on. 

Remark 3.2.11. For simplicity of definition, we have thus far begun with Hilbert 
spaces Ti and £, and defined the space /C = "H"*" © £ in terms of them. In application, 
however, we will begin with an inclusion H G K (obtained from Stinespring dilation), 
select a unit vector Q & H, and form the Sauvageot product H~ -k{K QH). As noted 
above, B{H^ -k [K H)) contains unital copies of both B{H) and B{K). In this 
alone, however, it is no different from B{H ® K) or B{H * A'), where H * K denotes 
the free product of Hilbert spaces in the sense of |Voi85] . The crucial difference is 
that, when both are represented on H~ -k^KQH), the copy oi B{H) is a corner of the 
copy of B{K)] ii H G K is a. Stinespring dilation, the compression will implement a 
given unital completely positive map. 



54 

3.3 Sauvageot Products of C*-Algebras and W*-Algebras 

We now begin our construction of the Sauvageot product of unital C*-algebras 
with respect to a unital completely positive map; the construction requires the choice 
of a state on one of the C*-algebras, prompting the following definition. 

Definition 3.3.1. A CPC*-tuple (resp. CPW*-tuple) is a quadruple (A,5,0,w) 
where A and B are unital C*-algebras (resp. W*-algebras), : A — )■ 5 a unital 
(normal) completely positive map, and u a (normal) state on B. The term CP-tuple 
will refer to CPC*- and CPW*-tuples together. A CP-tuple is said to be faithful if 
cu is a faithful state. 

Definition 3.3.2. A representation of a CPC*-tuple {A, B,(j),uj) is a sextuple 
{H, fi, TT^, K, V, nj where 

1. H is a, Hilbert space 

2. Q E H is a. unit vector 

3. TT^ : i? — )■ B[H) is a unital *-homomorphism such that (^2, 7r^(-)r2) = uj{-) 

4. A' is a Hilbert space 

5. V : H ^ K is an isometry 

6. 7r^ : A — )■ B{K) is a unital *-homomorphism such that V*nj^{-)V = n^{(f){-)). 

For a CPW*-tuple, we also require that tt^ and vr^ be normal. A representation is 
right-faitiiful if n^ is injective (which is automatically the case for a representation 
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of a faithful CP-tuple), and left-faithful if tt^ is injective. We also refer to (if, Q, vr^) 
satisfying the first three criteria as a representation of (A^u). 

From now until Definition 13.3.91 we fix a CP-tuple {A,B,(j),u) and a right- 
faithful representation {H,Q,7i^,K,V,7i^). We introduce the following additional 
notation: 

• L = KQVH 

• 9j = H-i.L 

• ipj^ : A —^ B{S)) and tp^^ : B ^^ B{Sj) are the compositions of tt^ and tt^ with 
the representations of Proposition 13.2.91 

• A-k B is the C*-subalgebra (or von Neumann subalgebra, in case of a CPW*- 
tuple) oi B{S)) generated by the images of ip^^ and ip^ 



• H' = H Q n^(B)n, which could be zero 

• Qn for n > is the projection from Sj onto the subspace H' (g) L"*"*^" (g) L of 

H (g) L+®" (g) L 

• C : B{S)) — )■ B{S)) is the non-unital conditional expectation 

oo 
n=0 

• -07 is the vector state on B{S^) corresponding to Q. 
Proposition 3.3.3. 

'toifj^ = Co ^p^o (p. 
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Proof. For a & A and h E H, let Tx^{a)h = x + i with x E h and i E L; then 
X = P^'K^{a)Pjjh = 7r^(0(a))/i. It follows from Proposition 13.2.91 that ipj^{a)h = x + i, 
so that 

P„i;^ia)P„=x = P^n^{<P{a))P„. 

Similarly, qn4'Li^)lrt = 1nT^f.{4>{,o))qn for all n > 0. Summing over n yields the 
result. n 

For the next lemma and proposition we use En to denote the subspace L'^®'^®L 
oiS). 

Lemma 3.3.4. Let C, G En- 

1. Let a E A and b E B with uj{b) = 0. Then 

[iP,{a) - V'j0(a))]^J6)C = [P^^7rJa)7rJ6)fi] ® C - c^(0(«)&)C e K © E^+i- 

2. More generally, given ai, . . . , a^ G A and bi, . . . ,bk E B such that uj{bi) = for 
i = 1, . . . ,k, if we define 



(k= \U['f'd(^^)-i^ui<Pi(^^))]i^uib^)]C, 



vi=l 



then 

k k 

Ck G 0i?„+. w^th PE^Ck) = {-lf\{uj{ct>{a.:)bi)C. 



i=0 i=l 



Proof. The stipulation that u{b) = imphes that 7i^{b)Q E H , so that 

e := i^.m = {n^{b)n) ®(EH-^En 
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where we have used the calculations in Proposition (13.2.90 . We have now to apply 
two different operators to ^ and subtract the results. First, when we apply ip j^{(f){a)) 
we get 

V'j0(a))e = K(0(a)6)fi) ® C = [co{<P{a)b)n] ® r] + [P^_7rj0(a)6)fi] ® C 

by virtue of the fact that 7r^(/3)fi = uj{(3)n + P^_ (7r^(/3)fi) for all b e B. Secondly, 
we apply ip^^ (a) as follows: 



^.(«)e=K(a)7rJ&)fi)®C 



{P^_7r,{a)n,{b)n) © {P^^7r,{a)7r,{b)n) 



®c 



{P^^PH7T,ia)7r,ib)n) © (P^,7r,(a)7r,(6)fi) 



c 



(P^_7rj0(a)6)f])®C © (P^+7r,(a)7rJ&)fi)©C 



Subtracting yields the desired result. The second assertion of the lemma follows by 



induction. 



D 



We now connect the current material to chapter [2l 



Proposition 3.3.5. {B{Sj), ip^^, ip^, ^, w) is a right-liberating representation of [A, B, > 



Proof. The first two properties of a right-liberating representation are easy to verify: 



1. This was Proposition 13.3.31 



2. Since H and each H' ®En are -j/^^- invariant subspaces by Proposition 13. 2. 91 their 
projections all commute with ?/^^, so that C^ is a ?/'^(P)-bimodule map. 
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For the last, let ^ G i/ and let Oi, . . . , a„ G A, 61, . . . , 6„ G 5 such that ^(62) 
<^{bn) = 0. Define the operators 



on S), and the vectors 

We will show by induction that (k G ^^Ej, which is contained in the kernel of Pj^ 

j=0 

it will follow that P^jT^ . . -TiP^ = 0. For the base case /c = 1, we have ipj^{bi)C, = 
7r^(6i),^, so that ^^({/)(ai))^^(6i).^ = 7i^{(f){ai)bi)C,. We also have 

ip^{ai)^^{bi)^ = 7r^(ai)7r^(6i)^ 

P,7r,(ai)7r^(6i)e © P„n,{ai)n^{bi)c) 
P,7r,(ai)7rJ6i)e © P^7rJai)P^7rJ6i)^ 
P^7rjai)7r^(6i)^ © 7r^(0(ai))7r^(6i)^ 

and subtracting yields 

Ci = P^7i^{ai)7r^{bi)^eEo 

as desired. The inductive step is immediate from Lemma I3.3.4I 

Similarly, for ^ E H' and 77 G £"„,, 'ipnibi){i ®'i) = (7r^(^i)0 ® ''7 so that 



Then 
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= [7rjai)7r^(6i)^]®r? 



PL^Aai)^nibi)^ © PH^M)^Ribl)^ 



PL^Aai)^Hibl)^®PH^M)PH^RiblK 



P^7rjai)7r^(6i)^ © 7r^(0(ai))7r^(&i)^ 



^1] 



and subtracting yields 



Ci = [^i7rjai)7r^(6i)e] ®77 G ^„+i. 



fc-i 



It follows by induction that (^ G ^n -Ej+n, so that g^Cfc = 0; hence QnTk ■ ■ ■ TiQn = 0. 
Summing over n, we have (£(Tfc . . . Ti) = 0. D 



Corollary 3.3.6. 



(^{A^B) = iti^l^^iB)). 



Proof. This is an immediate consequence of Prop osit ion 13 . 3 . 51 together with Corollary 
12.4.51 and the norm continuity and normality of (E. D 



Before making our next definition, we note that the right-faithfulness of our 
representation guarantees that b i— )■ P^'il!^{h)Pjj is injective, so that tCo^^ is injective 
as well. 



Definition 3.3.7. The Sauvageot retraction for the given tuple and representation 



is the map 9 : A-k B ^ B given by 



e= (Co7/;^)-io£. 
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The Sauvageot retraction is well-defined by Corollary 13. 3. 6 [ and is a retraction 
with respect to ipRi furthermore, as a consequence of Proposition 13.3.31 it factors 
in the sense that 

Ooi^,=<P- (3.3) 

Furthermore, the following is an immediate consequence of Proposition 13.3.51 

Corollary 3.3.8. {A -k B^ip^^ip^^ip^ o 9^w) is a right- liberating representation of 

{AB,<p). 

Definition 3.3.9. Given a CP-tuple {A,B,(f),u) and a right- liberating representa- 
tion (if, fi, TT^, /T, V, TT^), the Sauvageot product of the tuple realized by the 

representation is the tuple {A-k B,iIj^,iIj^,6) of objects constructed as above. 

3.4 Induced Morphisms and Uniqueness 

We pause now to consider an analogy with other product constructions. In 
building either the (minimal) tensor product or the free product of C*-algebras A and 
B, one can proceed as follows: 

1. Represent A and B on Hilbert spaces H and K 

2. Form the product Hilbert space H ® K oi H * K 

3. Lift the representations of A and B to representations of each on this product 
Hilbert space 

4. Take the C*-subalgebra generated by the images of these representations. 
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In both cases, one can show that the resulting C*-algebra A ® 5 or A * 5 is, up to 
isomorphism, independent of the choice of the representations of A and B provided 
both are faithfuL 

We have followed the same outline in constructing A-kB, and come now to the 
question of the independence of this object from the representations used to produce 
it. It turns out that we need some more complicated hypotheses on the representation, 
resulting from the fact that a representation of a CPC*-tuple is more complicated than 
a representation of a C*-algebra, as well as the fact that the product A-k B comes 
with the additional information of a retraction onto B. 

Definition 3.4.1. Let {A,B,(j),u) be a CP-tuple, (iJ, fi, vr^. A', V, tt^) a representa- 
tion, and L = K Q VH. 

• A decomposition of the representation is a pair (L', L") of vr^-invariant sub- 
spaces L' G L and L" C L^, with the properties 



LcL' + TT^{A)VH 



L+ CL" + TT^{A)VH~. 

A decomposition is faithful if the subrepresentation tt^L, is faithful. 

A representation for which there exists a faithful decomposition is faithfully 
decomposable. 

A representation is right-faithful if vr^ is faithful; note that any representation 
of a faithful CPC*-tuple or CPW*-tuple is automatically right-faithful. 
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• A representation is left-faithful if tt^ is faithful; note that every faithfully 
decomposable representation is left- faithful. 

• A representation is faithful if it is right-faithful and faithfully decomposable. 

Proposition 3.4.2. Every CP-tuple has a faithful representation. 

Proof. We begin by letting (if, Q, tt^) be the GNS construction for {B, u); ii u is not 
faithful, we replace {H, vr^) by its direct sum with some faithful representation of B. 
This guarantees that our representation will be right-faithful. 

Next, let (fC, V,7r^) be the minimal Stinespring dilation of vr^ o 0, and let 
L' = K e Tr^{A)VH and L" = K Q 7r^{A)H". If n^ is not faithful, we replace 
{K, vr^) by its direct sum with some faithful representation of A, thereby guaranteeing 
faithful decomposability. D 

When some of these additional hypotheses are satisfied, we can define a re- 
traction from A-kB to A which has properties analogous to the retraction A-k B ^ B 
aheady discussed. We continue our standard notation for a CP-tuple, a right-faithful 
representation, and the corresponding realization of the Sauvageot product, and now 
fix a decomposition (L', L") as well (not assumed faithful unless specified). We intro- 
duce additional notation: 

• Eq is the subspace L' C L 

• For n > 1, E; is the subspace L" ® L+'^i'^-^) (g) L C En 

• For all n > 0, p„ is the projection from S) onto E'^ 
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• For all n > 0, F^. = H ® E^ and F^ = H' (^ E^, recall that g„ is the projection 
onto F^ 

• E^i = Cn and F_i = H~. 

Definition 3.4.3. The left corner map for the given realization and decomposition 
is the non-unital conditional expectation €' on B{Sj) defined by 



€'{T) = J2PnTpn 



n=0 

Lemma 3.4.4. Let J d A-k B he an ideal contained in the intersection of the kernels 
of€ and€.'. Then J= {0}. 

Proof. Let J° denote the annihilator of J in i^, i.e. the largest (necessarily closed) 
subspace such that JJ^ = {0}. 

1. For any a & J , note that a* a G J; then 

(aP^)*(aP^) = P^a*aP^ < (t[a*a] = 0, 

so that aPg = 0. Similarly, ag„ = apn = for all n. Hence H C J°, and for 
each n > 0, E'^ C jo and H' (^ E^ C jo. 

2. We will prove by induction that En C j" and F„ C J'^; the base case n = —1 
was just established, since E_i © F_i = H C J^. 

3. Suppose i?„ C J° and F„ C J°. 

(a) Since Jz^i(A)F„ C JF„ = {0}, we have z/'l(A)F„ C 7°. 
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(b) By Proposition ([M3D, [ipLiA)H^]®En C ?/^l(A)F„, so that [^^(A)//-] ® 
-E'n ^ <^°) for the case n > 0; for n = —1, we have iPl{A)H C J°. 

(c) Since we aheady know L' C J° (in the case n = — 1) or L" ® En ^ J^ (in 



the case n > 0), it follows that E„+i = L C iPl{,A)H + L' C J° for the 



case n = -1, or E^+i = L+ (g) E„ C [7r2,(v4)i7- + L"] ® -E„ C Jq for the 
case n > 0. 

(d) Since JMB)En+i C J^+i = {0}, we have tljR{B)En+i C 7°. 



(e) By Proposition fl3X9|l . this implies 7TR{B)n O £■„+! C ^^(S)K+i ^ J°. 

(f) Since we also have E^ C J^, 



u 

Remark 3.4.5. We note that if V and V are both zero (for instance, when K is 
given by a minimal Stinespring dilation), then €! is the zero map; in this case, the 
lemma says that €. has no nontrivial ideals in its kernel. This corresponds to the fact 
that A and B together move H around to all the other components of i^, in the sense 



that [A-k B)H = S^. On the other extreme, if {L',L") is a faithful decomposition. 



one has instead that {A ^ B)H +{A-k B)L' + {A-k B)L" = Sj, but none of H, L\ L" 
by itself is enough to reach all of i^. As a result, ^ and €! may each contain ideals in 
their kernel, but these ideals are "orthogonal" in the sense of the lemma. 

Proposition 3.4.6. Let Cj : B ^ A he the unital completely positive map Cj{h) = 
uj{b)l. Then €! o ip ^ o Co = <t' o ip ^. 
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Proof. Given any b ^ B, we have 7r^{b)Q = uj{b)Q + ho for some Hq G H^. By 
Proposition 13. 2. 9^ it follows that, for any ^ G E'^, ip^{b)^ = u^b)^ + /^o ® ^ and 
therefore that Pn'ipii{b)C, = uj{b)^] hence, 

Pni^uib)Pn = w(^)1b„ = PnUj{b)lPn = Pn^A<^{b))Pn- 

Summing over n yields the result. D 

Proposition 3.4.7. {B{Sj),iI)j^,iIj^, €.', w) is a left-liberating representation of {A, B, 0) 
Proof. The first two properties of a left-liberating proposition are easy to check: 

1. This was Proposition 13.4.61 

2. By Proposition 13.2.91 all of the E'^ are ?/^^ -invariant, so their projections com- 
mute with ip^; hence (f is a '?/'^(yl)-bimodule map. 

For the last, let ai, . . . , a„, G A and bo, . . . ,bn G B with u!{bi) = 0. Let m > and 
^eE'^. By Lemma EAl 

n m 

fc=l fc=0 

Since u;(6o) = 0, it follows that 'n'^{bo)Q G H~ , so that by Proposition 13.2.91 we obtain 

71 m 

fc=l fc=0 

Prom this we see that 

n 

Pn-^Ribo) n [^^(^fc) - 'iPa{(p{ak))]Pn = 0, 
fc=l 

and summing over n finishes the proof. D 
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Corollary 3.4.8. C'{Ai< B) = it' (A). 

Proof. This is an immediate consequence of Proposition I3.4.7[ Corollary 12. 5. 2^ and 
the contractivity (and, in case {A, B, (p, u) is a CPW*-tuple, the normality) of €'. D 

In the case of a faithful decomposition, €.' o ip^ is injective, which allows us to 
make the following definition: 

Definition 3.4.9. Given a CP-tuple, a faithful representation, and a choice of faithful 
decomposition, the left retraction for the given tuple and representation is the map 
9 : Ai< B ^ A given by 

e = (C'o^J-ioC. 

This is well-defined by Corollary I3.4.8[ and is a retraction with respect to ip,^ . 

We come now to the main result of this section. 

Theorem 3.4.10. Let (Ai, 5i, 0i, ui) and (A2, ^2, 02, ^2) be CPC-tuples (resp. CPW* 
tuples), {Hi, f2i, 7rjj^\ Ki, Vi, vr^^^) a faithful representation of the former, 
(H2,^2,'^^'^\ K2,V2,7T^'^^) a right-faithful representation of the latter, and 
{Ai -k Bi, ip^j^\ ^jj^-*, zui,9i) and {A2 * B2, ^^^\ ^jf\ ''^2, ^2) the Sauvageot products re- 
alized by these representations . Let f : Ai -^ A2 and g : Bi ^^ B2 he unital (normal) 
*-homomorphisms satisfying (f)2° f = 9 ° 4>i O'^d 002° g = UJi- Then there is a unique 
(normal) unital *-homomorphism f -k g : Ai -k Bi ^ A2 -k B2 with the properties that 

2. (/^^)o7/;W=7A(f) o^ 
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3. w2o{f-kg) = wi 

4- O20 {f -kg) = goOi 



IS 



If f and g are both injective and {H2,^2,'^^'^\ K2,V2,'^^'^^) is faithful, then f -k g 
injective. 

Proof Let H = H^®H2,n = Qi, n^ = 7r« © (vrf o g), K = K^® K2, V = Vi® V2, 
71 j^ = ir^^^ (B (n^'^' o f) . Then (H, fi, vr^, K, V, vr^) is another right-faithful representation 
of (Ai, i?i, 0i,u;i). Moreover, if (L[, L'() is a decomposition for (ifi, . . . , vr^^^), then 
L' = L[ © L2, L" = L'{ © L2 defines a decomposition (L', L") of {H, . . . , vr^), and the 
faithfulness of vr^^^ on L'^ implies the faithfulness of vr^ on L' . 

Let (Ai^i?!, ipj^.tp^, w, ff) be the Sauvageot product realized by (//, . . . , vr^), 
on the Hilbert space OJt = if" * L. 

The inclusions of H^ into if and of Li into L induce an isometry VT : i^i — )■ i^ 
as in Remark fl3.2.8p . Moreover, by Equation f l3.ip . this isometry satisfies 

W o ^«(.) = V;l(-) oW, Wo ^«(.) = ^^(.) o W. (3.4) 

Let \Ef be the restriction to A^^B^ of the (normal) unital CP map T 1— >■ W*TW, 
which maps B{S^) to B{Sji). It follows from Equation (13. 4 p that the image of W is 
invariant under ip^^ and ^Z^^, so that WW* commutes with Ail^ Bi. Then 

*(xr) = vr*XFiy = vr*vriy*XFiy = w*xww*yw = ^(x)^(f) 

for X,Y G Ai^i?i, so that \1/ is a *-homomorphism. 

Next, we show that \& intertwines the representations, states, and retractions: 
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• ^ o ^^ = ^W 

• ZUi O "^ = W 

• e^o^iJ = e 

The first three are immediate consequences of Equation (13.41) . For the fourth 
and fifth, we have by Equation (13. ip that 

^o(r(T) = W*P„TP^W*+Y.^*P-'^P-^ = PHW*TWP^^+J2Pn,iW*TWpn,i = €io^(T) 

n n 

SO that "$ o (t = (ti o "^^ and similarly for C and €^'i. Now 

which is invertible; then 

((T o ^^)-l = (^ o € o ^^)-l o ^ o £ o ^^ o (C o ^^)-l = (^ o C: o ^^)-l o ^ 
from which it follows that 

e = {(Eoilj^)-^o(t 

= ^1 o * (3.5) 
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and similarly 

e' = e[o ^. (3.6) 

Note that \E' maps into Ai-kBi, as it maps both ip^lAi) and ip^^Bi) into Ai-kBi, 
hence also the C*-algebra (resp. von Neumann algebra) that they generate; moreover, 
it is onto Ai -k Bi, since its range is a C*-algebra (resp. von Neumann algebra) which 
includes both ^f)(Ai) and ^j^^^^i)- 

Next, "$ is injective, because its kernel is an ideal in Ail^ Bi which, by equations 
13.51 and |3.6[ is contained in the kernels of both 6 and 6', therefore also in the kernels 
of both (t and €', and hence is the zero ideal by Lemma [3.4.41 So \E' is an isomorphism 
from Aii^Bi to Ai-k Bi. 

We repeat the above analysis for the inclusions of H2 into H and K2 into K 
to obtain a unital *-homomorphism S : Ail^ Bi ^ A2 -k B2 such that 

• S O V^^ = ^[2) o J 

• S o V^^ = ?/;(^2) Q ^ 

• W2 o'E = zu 

• 62or. = go9 

We can now define f -k g = S o \['~^ : Ai -k Bi ^ A2 -k B2. Then we obtain the 
enumerated properties of / * ^f by combining the lists of properties for ^ and S, as 

(/^(^)o^(i)=Sovl;-ioV;«=So^^=^(2)o/ 
and similarly. 
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The uniqueness oi f -k g follows from the fact that it is contractive (resp. 
normal) and is determined on the dense subalgebra of Ai -k Bi generated by ip'^^\Ai) 
and?/^W(5^). 

Finally, if / and g are both injective and (if2; • • • ? tt*^^)) is faithful, we can prove 
the additional property $203 = ^0 f^ after which we prove H to be injective exactly 
as we did with \1/ was. Hence f -k g is a. composition of injective maps. D 

Corollary 3.4.11. Let {A,B,(j),u) be a CP-tuple. Then the realizations of the 
Sauvageot product by any two faithful representations are isomorphic. 

For clarity, "isomorphic" here refers to an isomorphism which intertwines the 
appropriate maps. The proof is simply to take the map id^ * id^ constructed in the 
theorem. Based on this corollary, we may now speak of the Sauvageot product of a 
CP-tuple. 

Another special case of interest occurs when one, but not both, of the initial 
maps is the identity. The results are summarized as follows. 

Corollary 3.4.12. Let A,B be unital C* -algebras (resp. W* -algebras), A ^ B a 
unital (normal) *-homomorphism andC another unital C* -algebra (resp. W* -algebra). 

1. Let B ^ C be a (normal) unital CP map and u a (normal) state on C . Then, 
for the CP-tuples (A, C, o /, w) and {B,C,(j),u) with Sauvageot retractions 
A-kC ^ C and B -k C ^ C, the diagrams 

A ^-^B AirC^^Bi^C 



Ai.C -5*C C 

f*id 



71 



commute. 



2. Let C ^ A he a (norm,al) unital CP m,ap and u a (normal) state on B. Then, 
for the CP-tuples (C, A,(f),uo f) and {C, B, f o (p^u), the square 



A 



B 



Ci.A—^Ci.B 

id-kj 



commutes. 



The composition of Sauvageot products of maps obeys the obvious functorial 



property: 



Proposition 3.4.13. Fori = 1,2,3 let {Ai,Bi,(l)i,uJi) be CP-tuples, and for i = 1,2 

let Ai -A- Ai^i and Bi -A- fij+i he (normal) unital *-homomorphisms, such that the 



diagram 



A^Jl^A^^^A^ 



<t>2 



<i>i 



Bi s- B2 ^ i?3 





commutes. Then 



(/2 o /i) * (5'2 o S-i) = (/2*5'2) o {fi-kgi). 



Next, we note that the Sauvageot retraction possesses a certain universal prop- 



erty. 



Proposition 3.4.14. Let {A,B,(f),u)) be a CP-tuple, with Sauvageot product A-kB and 
retraction 9 : A-k B — > B. Suppose 9 : A-k B -^ B is another (normal) retraction with 



72 

respect to ip^ such that {A-k B^ipj^^ip^^O o ip^^w) is a right- liberating representation 
for{A,B,(j),u). Thene = e. 

Proof. Applying Theorem 12.4.21 to the conditional expectations ip^oO and ^^ o 6', we 
see that they agree on a dense *-subalgebra of A-kB, hence on the whole by continuity. 
Since ip^ is injective, this implies 9 = 9. D 

3.5 Trivial Cases of the Sauvageot Product 

Tensor products have the property that y4(8)C^y4~C®A for any com- 
mutative unital C*-algebra A; similarly, unital free products have the property that 
y4*C^A~C*y4 for any unital C*-algebra A. Moreover, amalgamated free products 
satisfy A *^ A ^ A. We now consider analogues of these properties for the Sauvageot 
product. These are of interest not only for their own sake, but also as the base cases 
in the inductive system of the next chapter. 

Proposition 3.5.1 (C*^ ^ A). Let A he any unital C*-algebra (resp. W-algehra), 
V : £, ^ A the embedding of C, and u any state (resp. normal state) on A. Then 
the Sauvageot product C^^ of the CP-tuple {'C,A,v,uj) is isomorphic to A; modulo 
this identification, the embedding ipj^: C^^C-kAisv, and tp^^ : A ^^ C -k A and 
E : C ^ ^ — 7- ^ are both the identity map. 

Proof. One can prove this by constructing a representation of this CP-tuple; on the 
space f), one has V'i mapping into ip^{A), so that the algebra generated by both the 
images together is isomorphic to A. Alternatively, right-liberation becomes trivial 
when one of the algebras involved is C, so that E is multiplicative and hence is a 
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*-homomorphic inverse for ip^. D 

Remark 3.5.2. One might conjecture that, more generally, the Sauvageot product 
with respect to an embedding is trivial; that is, if A —> 5 is an embedding, or 
equivalently if A C i? is an embedding, that A-k B c:^ B. 

This turns out not to be the case. We are interested in whether V'l ~ V'a ° '•J 
but on the subspace L' in a faithful decomposition, ^^^ acts faithfully, whereas ^^ o t 
acts in a trivial fashion (in particular, the component in L' of ip^{L{a))^ for ^ G L' 
must be a scalar multiple of ^). 

This illustrates an important feature of the Sauvageot product. If we were to 
start by representing B on some H through the GNS construction, then use Stine- 
spring dilation to obtain a representation of A on K, then in the special case that 
the map from A to i? is an embedding (indeed, any homomorphism) one would have 
K = H and therefore L = {0}, from which it would follow that Sj c^ H as well, 
and A -k B ~ B. But the Sauvageot product is defined with respect to a faithful 
representation, which involves taking direct sums at various points in the process so 
as to avoid collapsing into triviahty. 

Proposition 3.5.3 (^^^rC ~ C). Let A be any unital C -algebra (resp. W* -algebra), 
and bj any state (resp. normal state) on A. Then the Sauvageot product A-k C of 
the CP-tuple (^, C, w, id'C) is isomorphic to A; modulo this identification, the left 
embedding ip^ : A ^ A-kC is the identity map, the right embedding ^/^^ : C — ?■ ^ * C 
is V, and the retraction E:^*C— t-C is uj. 

Proof. As with the previous proposition. D 
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Remark 3.5.4. Now given a CP-tuple {A,B,(j),u), one can identify A with C-kA 
(resp. Aic C) and B with C -k B (resp. B -k C); it is then natural to ask whether 
is thereby identified with id^, -k cj) (resp. (j)kid^). The answer is yes; indeed, this is a 
special case of Corollary 13.4. 121 
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CHAPTER 4 
ALGEBRAIC C*-DILATIONS THROUGH ITERATED PRODUCTS 

4.1 Introduction 

Having sliown how to construct tlie Sauvageot product of a CP-tuple, we now 
broacli the question of how to iterate this product in order to construct dilations. 
For motivation, we return again to the Daniell-Kolmogorov construction as viewed 
through the lens of the tensor product (Example 11.3.31) . 

Recall that we begin with a compact Hausdorff space S (the state space of 
a Markov process), with corresponding path space ^ = S^^'°°^; we use A to denote 
C{S) and 21 to denote C{^), though we seek here to construct 21 only through C*- 
algebraic means, without reference to ^ except as a guide to understanding. For each 
finite subset 7 C [0, 00), we let A-y denote a tensor product of I7I copies of C{S) with 
itself. When we have constructed 21, we will embed such an Aj into it, representing 
those functions on the path space which only depend on times in 7. 

For /3 < 7 we can embed Ajs into Aj by tensoring with I's in all the missing 
coordinates. It is difficult to find notation which makes this more precise while main- 
taining the basic simplicity of the concept, but here are two attempts. First, an exam- 
ple. If 7 = {ti, . . . , ^7} with the times listed in increasing order, and (3 = {^2, ^5, te}, 
then one embeds A^ into A^ via 

f ®g®h\ — >1® f ®l®l®g®h®l. 

Second, a general observation: Such an embedding can be built from repeated em- 
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beddings corresponding to adding a single time, so we may reduce to the case f3 = 
{ti, . . . ,tn} and 7 = {ti, . . . , t^, r, tfc+i, ■ ■ ■ ,tn} where again we assume the times are 
in increasing order. In this case the embedding is 

It is easy to see that the family of embeddings under consideration form an inductive 
system, so that we may take the limit to obtain a C*-algebra 21 generated by copies 
of each A^. 

We note in passing that the limit construction becomes even simpler when 
viewed through the lens of the Gelfand functor. Since A^ may be identified with 
C{S^), one can consider the inverse system of compact Hausdorff spaces {S^} equipped 
with the canonical projections. The projective (aka inverse) limit is the path space 
^, so applying the contravariant equivalence of categories, the inductive (aka direct) 
limit of the corresponding embeddings is isomorphic to C(^). While elegant, how- 
ever, this point of view will be of little use in our noncommutative generalizations, 
since there is no underlying path space to work with. 

Having constructed the limit algebra 21, with the embedding ^ M- 21 corre- 
sponding to the identification of ^ with ^{o}, we are left with the task of constructing 
the retraction E : 21 — t- ^. We do this by first constructing a consistent family of 
retractions A-y — ?■ Ap for /3 < 7, then showing how to use a limiting process to induce 
the retraction 21 —t- ^. First, we reduce as before to the case where 7 contains one 
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more point than /3, then retract 

/l ® ■ ■ ■ ® /fc ® 5- ® fk+l ® ■ ■ ■ ® /n I ^ /l ® ■ ■ ■ ® {fkPr-tk9) ® /fc+1 ® ■ ■ ■ ® /n- 

Note that in particular, when 7 contains and one identifies A with .4.{o}, repeated 
apphcation of this rule yields the retraction A-y — ?■ A given on simple tensors by 

Again, one can check that this family of retractions is consistent with the inductive 
system, so that it yields a well-defined and contractive map onto A from the dense 
subalgebra of 2t generated by the images of all the A^; as this map is contractive, it 
extends to a retraction on all of 21. 

When seeking to carry this method across to the Sauvageot product, one 
runs into several hurdles. First, one does not form the Sauvageot product merely 
of two C*-algebras, but rather of a CP-tuple; hence, one cannot begin by defining 
A^ = A-k ■ ■ --k A without specifying what maps are used between the various copies 
of A. A related and deeper problem is the failure of associativity; even when the 
relevant maps have been selected to make the notation well-defined, in general one 
does not have {A-k A) -k {A-k A) isomorphic to {{A-k A) -k A)^; A. Hence, we are led to 
adopt a more laborious inductive construction, though we follow the same high-level 
strategy as in the commutative case. 

For the remainder of the chapter, we fix a unital C*-algebra (resp. W*-algebra) 
A, a faithful state (resp. faithful normal state) u on A, and a cpo-semigroup {0f} on 
A. We use J-" to denote the set of finite subsets of [0, 00). Throughout, we assume 
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unless otherwise indicated that times within such sets are hsted in increasing order; 
hence, writing 7 = {ti, . . . , t„} imphes ti < ■ ■ ■ < t„. 

4.2 Construction of the Inductive System and Limit 

4.2.1 Objects and Immediate- Tail Morphisms 
Definition 4.2.1. Let /3, 7 G J-" with 7 = {ti, . . . , t„}. We call j3 an initial segment 
of 7 if /3 = {ti, . . . , tm\ for some \ < m < n, and a tail of 7 if /3 = {t^, . . . t„} for 
some 1 < I <n. If £ = 2 we call /3 an immediate tail with distance t2 — ti. 

We are now able to define the objects of our inductive system, as well as some 
of the morphisms. 

Definition 4.2.2. For nonempty 7 G J-" we define inductively 

1. a unital C*-algebra (resp. W*-algebra) A../ 

2. a unital embedding l^ : A ^ A^ 



3. a retraction e^ : A.^ — ?■ A 



as follows: 

• If 7 is a singleton, then A^y = A and both l^ and e^ are the identity. 

• If /3 is an immediate tail of 7 with distance r, let $ = </>,- o e/3 : A/3 — )■ ^, and 
form the CP-tuple {A/s, A, $, u). Then ^^ is the Sauvageot product A13 -kA, t^ 
is the embedding of A into A/3 -k A (denoted ip^ in the previous chapter), and 
e-y is the Sauvageot retraction from A/3 * A onto A. 
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We also define ^0 = C. 

Note that this definition also implicitly gives us embeddings Afs M- A-y in the 
special case where /3 is an immediate tail of 7; this is just the canonical embedding 
of v4/3 into Ap -k A, the map denoted in the previous chapter by ipL ■ 

We turn next to the question of how to embed A13 into A^ when /3 < 7 more 
generally. 

4.2.2 General Morphisms 
Consider now any inclusion /3 < 7 of nonempty elements of J-". Let 7 = 
{ti, . . . , tn} and for each £ G {1, . . . , n} define subsets 'j{£) < 7 and /3{i) < /3 by 

7(£) = 7 n {u, . . . , tn}, m = /9 n {t,, . . . , t J. 

Then each 7(£) is a tail of 7, with 7(1) = 7, and similarly for /3. (Note that some of 
the f5{t) may be empty, if t„ ^ /3.) 

Definition 4.2.3. For /3, 7 as above, we define an embedding Ajs — )■ A^ by recursively 
defining embeddings Aj3[i) -A- A^^i) and letting f = f\. The embeddings are as follows: 

• In the base case i = n, the embedding /„ is the identity map in case tn € (3, or 
the canonical embedding C ^-t- ^ otherwise. 

• Given fi+i, let B denote either A in the case that ti G /3, or C otherwise; 
more succinctly, B = A/3n{ti}- Let i3 — t- ^ be either the identity map or the 
embedding of C, accordingly. Then 
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Proposition 4.2.4. The family of embeddings Ap M- A^ in Definition 4-2.3 is an 
inductive system. 

Proof. Let /3 < 7 < 5 be nonempty sets in J-". Write 5 = {ti, . . . , t„}. We first prove 
that the embedding As "-^ As is the identity map. We prove this for the embeddings 
As(i) M- As{£) by reverse induction; the base case ^ = n is trivial, and the inductive 
step is just Corollary 13.4. 11[ 

Now for each £ = 1, . . . , n let 



-,..., 



A/3{e) — > A-y(i) 



A-fii) — > As(£) 



-4./3(£) — > ^s{e) 



be the embeddings from Definition I4.2.3[ We will prove by reverse induction for 
£ = n, . . . ,1 that f£oge = hg. The base case £ = n is trivial, as each of the three 
maps in question is either the identity map or the embedding C "-^ A. Supposing 
now the result to be established for i + 1, let B = Ai^niti} and C = A../n{ti}, and let 
B ^ C ^ Abe the corresponding embeddings. Then by Proposition 13.4.131 

hi = hi+i -k{rioip) = (/^+i o 51^+1) * (77 o ^) = (/^+i * 77) o (51^+1 i,ip) = ff^o g^, 

n 

4.3 Endomorphisms of the Limit Algebra 

We have now constructed unital C*-algebras (resp. W*-algebras) A^ for each 
7 G J-", together with (normal) embeddings Ajs "-^ A^ for /3 < 7, which we now denote 
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/^ p , satisfying the inductive properties 

'I 

/,. = /,. ° /.,. for /3 < 7 < 5. 

By a standard construction (see for instance section 1.23 of [Sak98j . Proposition 
11.4.1 of |KR86] . or section II. 8. 2 of |Bla06] ) we obtain an inductive limit, that is, a 
unital C*-al£rebra 21 and embeddings f : A.^ — )■ 21 such that f o f = f for 
all /3 < 7, and with the universal property that, given any other unital C*-algebra 
5B and *-homoniorphisnis (not necessarily embeddings) g^ ^ : A-y — ?■ ® satisfying 
9oo-y ° f H — 9oofii there is a unique unital *-honioniorphisni $ : 21 — ?■ 03 satisfying 
q = $ o f for all 7. 

.-? 00,7 «/ 00,7 / 

We note that inductive limits do not always exist in the category of W*- 
algebras and normal *-homomorphisms; hence, 21 will not in general be a W*-algebra 
even when A is. There are a couple of standard "fixes" we could apply to replace 
21 by a suitable W*-algebra: First, we could represent 21 on some Hilbert space (for 
instance, by taking an inductive limit of appropriately intertwined representations 
of the A^ as in |KR86] Exercise 11.5.28) and take the weak closure. However, the 
limit representation will in general be on a non-separable Hilbert space, which creates 
problems further on. Second, we could apply the double dual functor ( |Bla06] HI. 5. 2, 
|Sak98] 1.17) to obtain a W*-algebra 21** and normal embeddings /** o t^ : ^^ — )■ 21**, 
where A^ -^ A*^ is the canonical embedding. However, this also creates problems, 
as 2t** will in general have non-separable predual even if each of the A^y has sep- 
arable predual. We postpone until the next chapter the question of how to adapt 
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our construction to the W*-category, and continue for the time being with a purely 
C*-construction. 

Our next task is to define a semigroup of unital *-endomorphisms of 21. For this 
we note that for any 7 G J-" and any r > 0, if we let 7 + r denote the set {t + r | t G 7}, 
then A^+r = A-y. (Note that this is an equality, not just an isomorphism.) This is 
immediate from Definition l4.2.2l bv induction on the size of 7. Similarly, /^^^ ^^^ — f~, p- 
But this latter equation implies that /^^+t ° fj ii ~ foe p+t ^^^ ^^y /3 < 7, allowing us 
to make the following definition. 

Definition 4.3.1. For each t > let CTf : 21 —)■ 21 denote the unique unital *- 
endomorphism obtained through the inductive limit as the unique map for which all 
the diagrams 

^^^^^21 

•' 

21 
commute. 



The universal property of the inductive limit then immediately implies the 
following. 

Proposition 4.3.2. The maps {a"t}j>o form an eQ-sem,igroup on 21. That is, ctq = id^, 
and for all s,t > 0, 

atO(js = (Js+t- 
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4.4 The Limit Retraction 

We now turn to the construction of our retraction. In the commutative ana- 
logue, for a set 7 with minimum time r, the retraction e^ would (when composed with 
the embedding ^ M- 21) correspond to a conditional expectation onto the subalgebra 
of 21 consisting of functions which depend only on the location of a path at time r. 
This does not form a consistent system with respect to the embeddings /^ ^ , because 
for /3 < 7 one could have times in 7 earlier than any in /3. However, the restriction to 
time sets which contain is consistent, which we now show in the noncommutative 
case. We first consider how to relate the retraction for a given set to the retractions 
for its tails. 

Lemma 4.4.1. Let 7 = {ti, . . . , t„} G J-' and 1 < i < n. Then 

Proof. We proceed by (forward!) induction on i. The base case i = 1 is trivial. Now 
supposing the result is true for i, recall that A.y(i) is the product A^(i+i) -k A with 
respect to the map 0t,+i-t, ° (^-f{e+i) ■ A(^+i) ~^ ^^ that /^(^),^(^+i) is the embedding of 
A:y(^i+i) into this product, and that e^(^) is the Sauvageot retraction. By Equation 13.31 
we therefore have 

^7W ° fj(e)Mi+i) = ^te+i-ii ° ^7(^+1) 
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so that 



' •'7,7(^+1) T J-l,-lW •' 7{«),7(« + l) 

= 0i,+i-ti o £7(^+1)- 



D 



Proposition 4.4.2. Let /3 < 7 G J-" sttc/i t/iai i/ie minimum tim,e in 7 zs a/so m /3. 
Then 

Proof. Let 7 = {ti, . . . , t„}. We will prove that 

for all £ such that t^ G /3. For the base case with the maximal such £, f ^ is equal 
to t^(£), and since e^(^) is a corresponding retraction, their composition is id^ = e^(£). 
Inductively, suppose ti E /3 and t^+fc is the next time in (3, so that /3{i+ 1) = (3{i + k)] 
then 

= 0f,+i-t, o ^7(^+1) ° /7(.+i).7(^+fc) ° f.ii+k),pii+k) (/'s consistent) 
= 0f,+i-t, o <^t.+.-t.+i ° e7(^+fc) ° A(.+.), „(.+.) (Lemma |4A1J) 

= 0t,+fe-i, o e/3(f+fc) (induction). 
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It then follows from Corollary 13.4.121 that 

^7^ ° f^ie),m = ^tW ° ( A(,+i),;3{,+i) ^ id) = e/3W 

as desired. The case i = 1 gives us the result. D 

Corollary 4.4.3. The restriction of the family of retractions {e^} to the subset Tq C 
J-" of sets containing is consistent. 

Since J-q is a tail of J-", the limit 21 is generated by images of A-^ with 7 G J-q. 
Hence, Corollary 14.4.31 implies the existence of a retraction E : 21 — ?■ ^ with the 
property that E o /^^ = e^ for all 7 G J-q. 

Definition 4.4.4. The Sauvageot dilation retraction for (^, {0(},cj) is the map 
E : 21 — !■ ^ characterized by 

E o /^,^ = e^ for all G 7 G J". 

We now prove that (E, {cyt}) provides a strong dilation of the semigroup {0*}. 
Theorem 4.4.5. For all t >0, 

E o ffi = 0t o E. 

Proof. The case t = is trivial. Now let 7 G J-" be nonempty and t > 0. Let 
6 = (7 + 1) U {0}; then As is the Sauvageot product A^+t*A with respect to the map 



bt o e^. By Equation 13. 3[ it follows that 

es o /,,,+, = 0t o e^- 
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' oo,(5 J 6^^-\-t 



' S,-t+t 



Then 

Eoajof =Eo/ ^^ 

(■ </ 00,7 </ oo,-7+t 

J 00.6 J 6. 

= ^SO fs. 

So E o (Tt and 0f o E agree on the dense subalgebra of 21 consisting of the images of 
all the /^^; as both are contractive, they are equal. D 

This concludes our construction of unital eo-dilations for cpo-semigroups on 
C*-algebras. We summarize the result in the following theorem. 

Theorem 4.4.6. Let A be a unital C* -algebra on which there exists a faithful state. 
Then every cpo-semigroup on A has a strong unital e^-dilation. 



CHAPTER 5 
CONTINUOUS W*-DILATIONS 

In the previous chapter we saw how to construct a unital co-dilation of a cpo- 
semigroup. It remains to investigate whether such a construction dilates a continuous 
semigroup to a continuous semigroup (that is, whether it produces a unital Eo-dilation 
of a CPo-semigroup), or, failing that, whether the construction can be modified to 
achieve this result. Additionally, we have not yet resolved the question of how to adapt 
our C* construction to the W* setting. To these issues we now turn our attention. 

5.1 Introduction: The Problem of Continuity 

5.1.1 Establishing the Problem: Discontinuity of the Existing Dilation 
The first question to consider is whether the existing dilation may already 
be continuous. It turns out that this is never the case unless A = C Consider a 
nontrivial A with faithful state u, and let a be any nonzero element of kerw. Fixing 
some faithful representation {H, Q, tt^) of {A, u), let h = 7T^{a)Q, which is orthogonal 
to Vl. For each t > there is a faithful representation (H,^,^^, K^''^\V^^\7i^''^^) of 
(y4, y4, </)j,a;). Form the Sauvageot product i^^*'' = H~ -k L^^\ and let ^ be any unit 
vector in L^^\ By Proposition 13.2.9] we see that ijj^^\a)^ is a vector in L^^\ whereas 
ijj^^\a)$^ = /i ® 'C is in H~ ® L^^"'- Since these are orthogonal subspaces of S^^^\ 

\\^?{a)^-^'^\am>\\h<^a = \\h\m\ 



which imphes 

||^W(a)_^W(«)||>||/,||. 

Now letting 7 = {0,t}, we have A^ as the Sauvageot product A-kA with respect to 
0i, so that ip^j^\a) — ip^^\a) is the element f^^^y{a) — /^ ^^^(a) of A^. By the above, 
this element has norm at least \\h\\. Now because /^ is isometric, 

\WMa)) - t{a)\\ = \\f^^^^^{a) - f^^^,^{a)\\ 

= /oo,^(A,0}(«)-4{0}(")) 

= II 4 w («)-/,,„> (a) II > 



It follows that \\at{i{a)) - t{a)\\ 7^ as t -> 0+. 

Upon further reflection, the discontinuity of {at} is not surprising, because it 
appears in the commutative dilation that the Sauvageot construction mimics. Con- 
sidering again the case A = C{S), 21 = C(=5^) of Example I1.3.3I Given a regular 
Borel probability measure fiQ on S, we obtain via Riesz representation a regular Borel 
probability measure /i on ^ characterized by 



V/G21: [ fdfi= f{Ef)dfio- 

J y Js 



' y JS 

Now consider the strong, aka point-norm, continuity of the shift semigroup. For a 

function / G 21, we want to know whether limt_^o+ \\<^tf — f\\ =0. We will show that 
in fact a less stringent form of continuity, fails, viz. the "point-pointwise" continuity 
defined by the property that for any fixed path p G ^ and any / G 21, {atf — /)(p) — )■ 
0. The failure of point-pointwise continuity certainly implies the failure of point-norm 
continuity. Now let p be any path not continuous at time 0, let : S — ?> [0, 1] be a 
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continuous function such that 0(p(t)) -f)- 0(p(O)) as t — t- O'^ (which exists by Urysohn's 
lemma), and let / G 21 be defined by /(p) = 0(p(O)). Then 



lim(a,/-/)(p)= lim>(A,p)-</.(p)= lim>(p(t)) - </)(p(0)) 7^ 0. 

t^0+ t-)-0+ t-)-0+ 



5.1.2 Fixing the Problem: Skorohod Space? 

This section is not used in the rest of the thesis, but is mentioned merely for 
the sake of interest. 

The preceding considerations show that, in the commutative setting, continu- 
ity of \at\ breaks down because the path space 5^ contains discontinuous paths. One 
could try to "repair" the construction by working instead with something like C(£), 
where C C ^ is the subspace of continuous paths. This runs into problems, however, 
because C is not closed in 5^ (the pointwise limit of continuous functions need not 
be continuous), hence not compact, so that one cannot form the commutative unital 
C*-algebra C[ft). One could instead endow C with the topology of uniform conver- 
gence; although it is complete in the corresponding metric, however, it is not compact 
nor even locally compact, so that attempts to form commutative C*-algebras such as 
BC{€) run into trouble as well. 

One way out is to consider instead the Skorohod space D of cadlag paths, that 
is, paths which are continuous from the right and have limits from the left. Conver- 
gence in D can be defined as follows: For convenience we consider paths parametrized 
by [0, 1) rather than [0, 00). Let A denote the set of all continuous strictly increasing 
self-maps of [0, 1], and define 7„ — )■ 7 if there exists a sequence {A„} C A such that 
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A„ — )■ id uniformly and 7„, o A„ — )■ 7 uniformly. Heuristically, this may be contrasted 
with uniform convergence as follows: Identifying paths with their graphs in [0, 1) x S", 
two paths are uniformly close if one may be obtained from the other by a small per- 
turbation of the S coordinates, whereas two paths are Skorohod-close if one may be 
obtained from the other by a simultaneous small perturbation of both the S and the 
[0, 1) coordinates. 

It turns out that there is a metric on D which induces the aforementioned con- 
vergence, and that D is separable and complete with respect to this metric ( |Bil68j 
chapter 14, cf. |Kal97] Theorem A2.2). Furthermore, it is easy to check that trans- 
lation is Skorohod continuous, that is, \tp -> p as t — !■ 0^ for any p e D. It follows 
that one may define the semigroup {at} on the commutative unital C*-algebra C{D) 
by (S't/)(p) = /(At(p)), and that this semigroup will be point-pointwise continuous. 
The embedding i : C{S) -)■ C{D) is defined as always by («/)(p) = /(p(0)). It re- 
mains to define a retraction E : C{D) — t- C{S). For this we invoke the theorem that 
every Feller process has a cadlag version ( |Kal97] Theorem 17.15); that is, given a 
probability measure u on S, one obtains a measure //^ on D such that the coordinate- 
projection process has {Pt} as its transition semigroup. The assignment i/ H- /ij, is a 
positive linear map from M[S) to M[D) which, one can verify, is weak-* continuous, 
and has the property that J^i{f)dfii, = J^ f du for all u G M{S) and / G C{S); it 
is therefore the adjoint of a positive linear map E : C{D) — t- C{S) with the property 
E(2(/)) = /. Furthermore, Eoafoi = P^, so that we have obtained a point-pointwise 
continuous dilation. 
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In attempting to adapt this fix to the noncommutative setting, several obsta- 
cles present themselves: 

1. What is the right notion of a "noncommutative Skorohod space"? That is, given 
a noncommutative C*-algebra A, what C*-algebra bears the same relation to A 
that C{D) does to C{S)7 

2. What is the analogue of point-pointwise continuity in the noncommutative set- 
ting, when the elements of A (and of whatever algebra we dilate to) may not 
be functions on some state space or path space? 

3. How might we obtain a theorem corresponding to the existence of cadlag ver- 
sions of Feller processes? 

I do not know how to address these questions; fortunately, another approach proved 
successful, so that the answers to these questions are not needed in the rest of this 
thesis. 

5.1.3 Fixing the Problem: Dilations on L°° 
Another way to resolve the issue of continuity is to move from the C* to 
the W* category, by considering maps on L°°{S) and L°°{y) instead of C{S) and 
C{S^). Given A = C{S) and 21 = C{S^) as before, we now select some regular Borel 
probability measure /^o on S, and let A = L°°{S,fio). Let /x be the corresponding 
measure on ^ as in Example II. 3. 3^ and 21 = L°°(^,/i). We define the completely 
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positive semigroup {P^} on ^ by 

{Ptf){x)= f fiy)dpt4y) 
Js 

which has the additional property that each map Pt is normah If /^ '|" / are positive 

elements of A, then 



{Ptfu){x)= / fMdPt,M^ / f{y)dptM = {Ptf){^) 

Js Js 

by Dominated Convergence. 

We define the semigroup {at} of normal endomorphisms of 21 by {atf)ip) = 
/(A((p)), and the normal embedding z : ^ — )■ 21 by {if){^) = /(7(0)). The image of i 
corresponds to L°°{y, ^q, //), where ^ is the Borel cr-algebra on ^ and 5^o C ^ is the 
cr-subalgebra of sets of the form E x [0, oo) for a Borel subset E C S. We therefore 
obtain a normal retraction E : Qi -^ A through the Radon-Nikodym derivative, and 
since K o at o i and Pt are both normal and agree on the weak-* dense subspace 
C{S) C L°°{S, /io), where they equal E o cr^ o z and Pt respectively, they are equal. 

We have not yet shown that t i— )■ aj is weak-* continuous on 21. Since we are 
interested in the commutative case purely for heuristic purposes at this point, we shall 
set aside the question of what conditions on S, fiQ, and {Pi} are necessary for some 
of our subsequent assumptions to hold. Let vr be the multiplication representation of 
^ on if = L'^{S,fio), and assume that the weak closure vr(^)" is isomorphic to A. 
By Stinespring dilation of tt o E we obtain a representation ^ of 21 on some K (which 
we could imagine to be the multiplication representation on L'^{J^,fi), but we won't 
use that hypothesis). We assume that the weak closure ip{A)" is isomorphic to A. 
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The semigroup at is related to {at} through the covariance relation at o ip = ip o at. 
Since vectors of the form ip{y)V^ for y G 21, ^ G i/ are dense in K, the question of 
WOT- continuity of at{a) reduces to the continuity of the expression 

{at{a)^P{ym,i;{z)Vv) = {V*^Pizyat{a)^P{ym,v)- 

When we restrict to the weakly dense subset of a G 21 of the form iIj{x) for x G 21, 
this expression becomes (using the covariance relation) 

{V*i,{z*at{x)ym,r]) = {n oE[z*at{x)y]^,r]). 

We are thus led to consider the WOT-continuity properties of how the retraction E 
interactions with the translation semigroup at- In particular, if we could find a way 
to reduce expressions of the form K[z*at{x)y] to expressions involving the semigroup 
Pt, we could use the assumed continuity properties of the latter. The search for such 
a reduction leads to the concept of moment polynomials, which we now take up. 

5.2 Moment Polynomials 

In the Sauvageot C*-dilation of chapter |U the inductive limit algebra 21 is 
norm-generated as an algebra by elements at{i{a)) for t > and a E A. In studying 
the retraction E, therefore, one is naturally led to consider expressions of the form 



E 



atj{{ai))at^{i{a2))...at„{i{an)) , ti,...,tn>0; ai,...,a„G^. (5.1) 



In particular, it would be desirable to have a formula for the value of (15.11) in terms of 
the original semigroup {(pt} and the state u chosen for the dilation procedure. From 
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the construction of E in previous chapters, we see that (15.11) can be evaluated as 
follows: 

• If all the ti are strictly positive, let r denote the minimum; then, by Theorem 

MM 

E at^i{{ai))at2{i{a2)) ■ ■ ■cri„(z(a„)) = 0^( E[crt^_^z((ai))cri2_^(z(a2)) ■■ ■crt„_^(z(a„))] 

• If some of the ti are zero, let r be the minimum of the nonzero values, and let 
7 + r be the set of nonzero values, where 7 is a finite subset of [0, 00). Then 
(Tti(z(ai)) ■ ■ ■cri^(z(a„)) may be viewed as an element of ^{o}u{7+r)5 which we 
further break down as a word in A and A^, related through the map A^ ^-^^ A;, 
we apply the right-liberation property to calculate the value of E on this word. 

As in the second chapter, we now formalize this strategy in terms of recursively 
defined functions. 

Notation 5.2.1. 

• For n > 1 let [0, oo)g denote the subset 

{(ti, . . . , t„) G [0, 00)" I min(ti, ...,tn) = 0}. 

• For n > 1 let ^„, : [0, 00)" — ?■ [0, 00) x [0, 00) [J denote the homeomorphism 

il^nih,. . . ,tn) = (minti,ti -mintj,. . .,t„ -mintj) 
with inverse 



ijJiT, si, . . . , Sn) = (si + r, ...,Sn + r). 
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• For n > 1, s G [0, c>o)q , and a G A^, the standard decomposition of (s, a) is 
as follows: Write s* = no VSq V Hi V ■ ■ ■ Vs^-i V Hm, where each entry in each Ufc is 
zero, each entry in each Sk is nonzero, and some of Uq, Sq, and rim may be empty; 
here V denotes concatenation. Write a = Zq\/ WqM ZiM ■ ■ ■ \/ Wm-i V Zm, where 
each Zi has the same length as Uj and each Wi the same length as Sj. We refer 
to (fio. So, ... , rim) as the standard decomposition of (s), and (29, wq, . . . , Zm) as 
the standard decomposition of a with respect to s. The alternation number 
of s, denoted alt(s), is the number m appearing in the standard decomposition; 
the alternation number of an element t G [0, 00)" is the alternation number of 

• By ([0, 00)0 X A)\ we denote the set of tuples (s, a, t) such that, for some n > 1, 
s G [0,00)0, ^ ^ ^"; ^^d Tg [alt(s) — 1], with the convention [—1] = 0. By 
([0, 00)0 X A)\^ we denote the same set except with [alt(s)] in place of [alt(s') — 1]. 

We next introduce "diachronic" versions of the collapse and moment functions 
from chapter 2. 
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Definition 5.2.2. We recursively define functions 



6:( 


;[o,cx)) x^)"^^ 


DRM:( 


;[0,oo) x^)^^^ 


DUM:( 


[[0,oo)xAy^A 


DRC:( 


;[0,oo) xAY^^ ([0,oo) x^) 


DLC:( 


;[0,cx)) x^)^^ ([0,oo) x^) 


DUC:( 


;[0,oo) x^)^^ ([0,oo) x^) 



as follows: 

1. 6(t; a) = DRM(t; a) = DUM(t; a) = Ma)- 

2. For n>2, tE [0, cx))", and a G A"", let m = alt(r); then 

G{t;a)= Y^ DRM(DLC(tla;r)) JJ u {U{z2j+i)) 

LC[m-l] je[m~l]\t 

DRM(tla) = Y^ DUM(DRC(tla;r)) 

iXi,[m] 
tC[m] 

3. For t, a as above, let (r, s) = 'ipnit), {^o, ■ ■ ■ , ^m) be the standard decomposition 
of s, and (^O) • • • ) ^m) the corresponding standard decomposition of a. Given 
also r C [m — 1], let V = (zi, . . . ,ii). For each k = 1, . . . ,i + 1 define a/j = 
Wi^,_j+i V ■ ■ -ywii,, with the conventions io = and i^+i = m, and corresponding 
time vectors Uk = •Sife_i+i V ■ ■ ■ V Sj^.. Let 



u = no V Ml V {0} V M2 V {0} V ■ ■ ■ V {0} V m<,+i V a 



■771+ 1 
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and 

6 = ib V ai V {n(4) - oj (n(4))} v ■ ■ ■ v {n(4) - u (n(zij)} v a^+i v Zm+i. 

Then DLC(tl a) = (u;6). 

4. For t, a as above and t= (zi, . . . , z^) C [m], with zq = and i^+i = m + 1, define 
for each /c = 0, . . . , £ the elements 



Zj, 



«fe+i-i 
i=«fe+i 



Let 



u = {0} V 4 V {0} V 4 V ■ ■ ■ V s,„ V {0} 

6 = {/3o} V < V {/3i} V ■ ■ ■ V wJi, V {Pi} 
c= {70} V wJ,, V {71} V ■ ■ ■ V wJi, V {7,} 



Then 



DRC(tl a; i) = (u; 6) 
DUC(tla;r) = (u;c). 

We note that the DLC, DRC, and DUG functions output vector pairs at least 
as short as the input vector pairs; this together with the strict subset inclusion in the 
definition of DRM yield a well-defined recursion from the above formulas. 

The reason for defining these functions is the following proposition: 
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Proposition 5.2.3. Let A be a unital C*-algehra, {(f)t\ o CPo-semigroup on A, 
uj a faithful state on A, and (21, ijE, {at}) the Sauvageot dilation. Then for every 
ti, . . . , t„ > and ai, . . . , a„ G ^, 



E 



o-ti(z(ai))---crj„(z(a„)) = &{t]a) 



Proof. Recall from Definition 14.4.41 that Eo /^ = e^(a) for any 7 G J-". Here, letting 
7 be the union of t, 7(2) the immediate tail of 7 with distance r, and defining the 
elements a-i G A-y(2) corresponding to times 5j and tuples Wj, the above expectation 
is, by Definition I4.2.2[ Corollary 13. 3. 8^ and Theorem I2.4.2[ equal to 

LM(n(zo), ai, n(fi), ...,am, Ti{zm+i)] (f>T o e^(2)). 

Further consideration of what happens when e^(2) is applied to the elements a^, to- 
gether with the recurrence that defines the LM function, shows that E,[at^ (^(c^i)) ■ ■ ■ c"t„ (z(a„))] 
and &{t; a) satisfy the same recurrence and initial conditions, so they are equal. D 

5.3 Continuity Properties of Moment Polynomials 

The continuity properties of (3(t; a) in the case where ^ is a W*-algebra will be 
important in what follows. There are three types of continuity properties to consider: 
continuity in ai,...,a„ with respect to both the weak and the strong topologies, 
and continuity in ti, . . . ,t„. It turns out that weak continuity holds with respect to 
ai,. . . ,an separately (which is the best we could hope for, as multiplication is not 
jointly weakly continuous), whereas strong continuity holds jointly in ai, . . . , a„, and 
a restricted form of joint continuity in ti, . . . , t„ holds as well. 
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Proposition 5.3.1. Let A be a W*-algehra, {0^} a CPo-semigroup on A, u a faithful 
normal state on A. Fix n > 1, ti, . . . , t„ > 0, j G {l,...,n}, and a^ for k G 
{1, . . . , n} \ {j}. Then &{t; a), viewed as a function of aj, is a normal linear map 
from A to itself. 

Proof. This is a straightforward induction from Definition (15.2. 2p : we show simulta- 
neously that the six functions &, DRM, DUM, DLC, DRC, DUG are normal functions 
of Oj when the other a^ and all the tj are fixed. This follows from the normality of the 
state u and the maps (pt, as well as the normality of multiplication by a fixed element 
of A D 

Definition 5.3.2. For n > 1 and elements {sk} and t of [0, oo)", we say that Sk 
converges non-crossingly to t if Sk — > t and, for all k, the order relations among 
the entries of Sk are the same as those in t; that is, if 

VA; : Vi,j = l,...,n : {sk)i < {sk)j -^ ti<tj. 

Proposition 5.3.3. Let A be a separable W* -algebra, {(pt) a CPo-semigroup on A, u 
a faithful normal state on A. Let n > 1. Let t^ ^ t converge non-crossingly, and let 
a^ ^ a be a strongly convergent sequence of tuples in (^i)"- Then ©(t^; a^) — )■ ©(t; a) 
strongly. That is, &(t; a) is jointly strongly continuous in t and a, subject to the non- 
crossing restriction on t. 

Proof. We induct on n, using definition fl5.2.2p and the following observations: 

• If tfc — )■ t non-crossingly, then Sk — ?■ s* non-crossingly, where Sfc, s are the sub- 
tuples oi tk,t corresponding to a fixed subset of indices from {1, . . . , n}. 
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• If tfc -^ t non-crossingly and V is given, let u be defined from t and u^ from tj. 
as in the DRC and DUG functions; then u^ — )■ u non-crossingly. 

• If tk — !■ t non-crossingly, then ^„(tfc) and ipn{t) are zero at the same entries; 
moreover, the corresponding parts nj,Sj of the standard decompositions of tk 
and of t are all the same length. 

These considerations plus the strong continuity of the state u and the joint strong 
continuity of the semigroup (Theorem II. 4. 2p imply the result. D 

5.4 The Continuous Theorem 

We now return to the question of how to obtain a continuous W*-dilation 
from an algebraic C*-dilation. The technique in this section is adapted from the 
eighth chapter of |Arv03j . Throughout, we let A denote a separable W*-algebra, 
{0j} a CPo-semigroup on A, (21, 2,E, {crt}) the Sauvageot dilation from the previous 
chapter, P C 21 the subset 

V = {o-ti(z(ai)) . ..at^{i{ak)) | ti, . . . , tfc > 0; ai, . . . , a^ G A}, 

2lo C 21 the norm-dense linear span of V, [H, it) a faithful normal representation of 
^ on a separable Hilbert space, {S),V,ip) a minimal Stinespring dilation of vr o E, 
21 = '0(21)", and E : 21 ^ ^ the map E[T] = 7r~'^{V*TV), which is well-defined 
because T i— )■ V*TV is normal and maps the weakly dense subspace 0(21) C 21 into 
the weakly closed set vr(^), and because n is faithful; it satisfies E o = E and 
therefore is a normal retraction with respect to ijj o i. 
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We begin with the observation that weak-operator continuity of famihes of 
contractions can be checked on a dense subset of Hilbert space. 

Lemma 5.4.1. Let % he a Hilbert space and {Tt}t>o o family (not necessarily a 
semigroup) of contractions on "H. LefHo (^Ti be a dense linear subspace such that for 
all ^,7] E Tio, the map t h-)- {TtC,, rj) is continuous. Then t ^^ Tt is WOT- continuous. 

Proof. Let C,,r] E Ti and to > 0. Given e > 0, choose ^0)''7o ^ ^o with ||^ — ^o|| < 
niax(l, e) and ||?7 — ?7o|| < e- Then for any t > 0, 

((r,-T,je,^) = (m-T,jeo,^o) 

The first term tends to zero as t — ^ to by hypothesis, so that in particular it is less 
than e for t sufficiently close to to- The second term is at most 2||^olk — 2(||C|| + l)e 
by Cauchy-Schwarz, and the third term at most 2||?7||e. Hence 

|((T,-T,je,r/)|<(3 + 2h||+2||e||)e 

for t sufficiently near to- □ 

The next lemma is rather technical, but it advances our study of how E inter- 
acts with time translations, and in particular with translation of the middle term of 
a threefold product. 
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Lemma 5.4.2. Let y, z & V and t > 0. There exist yo, zq & V and a normal linear 
map Q : A ^>- A such that, for every x G 21, 

E[y(Tt{x)z]=Q(E[yoXZo]y (5.2) 

Proof. Let y = ^^^(ai) . . . (Ts^{am) and z = (Tt,(h) ■ ■ ■ o"t„(&n)- We proceed by strong 
induction on m+n. In the base case m+n = (meaning that y = z = 1) the requisite 
map is Q = 0j, by Theorem 14. 4. 51 Inductively, letting r = min(si, . . . , Sm, ti, . . . , tn), 
the result is again trivial in case t < r, as then one can use Q = (f>t, yo = o"sj„t(oi) ■ ■ ■ o"s„-t(«»; 
and zq = (Tti^tibi) ■ ■ ■crtn-t(^n)- Hence we assume t > t. We further assume r = 0, 
as the case r > reduces to this by Theorem 14.4.51 again. 

Let (s'^, . . . , s' ) be the (possibly empty) final segment of nonzero entries from 
(si, . . . , Sm), and (a'^, . . . , a'^) the corresponding entries from (ai, . . . , am)- Similarly, 
let (t'^, . . . , tp) be the initial segment of nonzero entries from (ti, . . . , t„), and {b\, . . . , h'^) 
the corresponding entries from (fei, . . . , 6.„). Let yo = o-si^{a[) . . .ag' {a'^) and zq = 

For any x eV, write x = au^ (ci) ■ ■ ■ cr„^(Q), so that at{x) = o-„,+t(ci) ■ ■ ■ cr„^+t(Q). 
Now K[yat{x)z] = &{s"\/ (u + t) \/t; aV cVb) by Proposition 15.2.31 In the standard de- 
composition sV('U+t) Vt = niVSiV- ■ -VUm+i, we must have u+t contained in a single 
one of the s^; more specifically, for some i we have Sj = {s[, . . . , Sg)V(n+t)V(t'^, ■ ■ ■ ,tp) 
and Wi = {a'l, . . . , a'g) y c y {b[, . . . , b'p). Then Propositions (I5.2.3P and (I2.4.6P imply 
that E[ycr4(a;)z] is the composition of E[|/oa;2;o] with some normal map Q, which is 
independent of x. This gives us equation (15. 2 p for all x eV, and since both sides are 
linear and norm-continuous in x, it follows that (15. 2 p holds for all x G 21. D 
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Theorem 5.4.3. There exists a (necessarily unique) semigroup of normal unital *- 
endomorphisms {o^t}t>o of^ such that 

Vt > : at o ip = ip o at- (5.3) 

Proof. We construct {at} and verify its properties in the following sequence of steps. 

1. For each t > and ^,?7 € tp{V)VH, we construct a normal linear functional 
Pt^^^r] on 21 as follows. Let ^ = ip{y)V^' and rj = 'ilj{z)Vri' for y,z E V and 
^', 7]' G H. By Lemma (15.4.21) . there exists a normal linear map Q : A ^ A and 
elements yo, zq eV such that ¥.[z*at{x)y] = Q{E.[zQxyo]) for all x G 21. We thus 
have 

Vx G 21 : matixm, r/) = (vr o Q o E[z*xyo]e, v')- 

We now define pt^^^ri by 

pt,UT) = {noQo E[ij{zorT^{yoM', v'), Te 21. 

Then that the restriction to ip{'^) satisfies 

Vx G 21 : pt,^,rj{i^{x)) = (tt o g o E o tp{zQxyo)^', r]') 

= {noQoE[z*xyo]e,v') 
= {7roE[z*at{x)y]e,v') 
= {V*tP{z*at{x)ym',r]') 

= matixm,v)- (5.4) 

2. We extend the definition to ^,77 in the linear span of ip(V)VH in the natural 
way; for ^ = Xli Cj^i and 77 = J2- djr]j with ^j, rjj G 4j{V)VH, we define pi,^,^ = 
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Y.i,j ^id'jPt,^^,vr This is well-defined because, if Y,i cS = Sfc Cfclfc and Y,j djVj = 
^^ defje then equation (15 .4^ implies that, for x in the ultraweakly dense subspace 
^^(21) of 21, 



«,Es«i.Ed 






3. Next, we note that equation (15.41) also implies that ||pi,5,,,|| < H'CIIII^II- This 
allows us to extend the definition to ^, r] in the norm closure of the linear span 
of i){V)VH, which is all of S). 

4. Having defined the family of functionals {pt,^,??}, we now use them to define 
the family of endomorphisms {5*}. Equation (15 ■4p implies that, for fixed t > 
and X G 21, p^,^(-?/'(x)) is a bounded sesquilinear function of ^ and 77, so that it 
corresponds to a unique operator in B{S)), which we call St{ip{x)), characterized 
by the property 

Ve,^ e i^ : Pt,U^{x)) = {St{ij{xm,v)- (5.5) 

5. Equations (15.41) and (15. 5p together imply that 

Vx e 21 : St{ip{x)) = -^{atix)). (5.6) 

6. Because ^/^ and at are unital *-homomorphisms, equation (15. 6p implies that St 
is as well. 
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7. Because St is a unital *-homoinorphism of a C*-algebra, it is contractive. This 
implies 

VxGSl: ||^(ai(a;))|| < ||^(a;)||. (5.7) 

8. Given any z G 21, we can now show that pi^g^^(z) is a bounded sesquihnear 
function of ^ and t]. For boundedness, we will show more precisely that 

\pt,^,vi^)\ < Ikllllpllll^ll- (5.8) 

Let z, ^, rj be given, and choose e > 0. By the Kaplansky density theorem 
and the normality of Pt,^,r], there exists x G 21 such that ||'?/^(a;)|| < \\z\\ and 
\pt,^,ri{z - ^(x))| < e. Then 

<e+\{ijiatix))^,v)\ 

<^+mMm\\mv\\ 

<e+\mxmmv\\ 

<e+\\zm\M\- 

Letting e — )■ 0, we have 15.81 

To show linearity in ^, let Ci, C2 G C and G; '^2, ^7 G ii be given, and choose e > 0. 
By Kaplansky density and the normality of pi^^^,^, Pt,£,2,ri, and Pt,ci5i+C26.^' there 



106 
exists X G 21 such that ||'?/'(x)|| < ||2;|| and the three inequahties 

|ci| \pt,^,,r,{z - -^{x))] < e 

|C2| \pt,^,,rj{z - -^^ix))] < e 

all hold. Then 

< \pt,c^ii+C2i2,r,{z - ^(X))| + |Ci| \pt,^^,n{z - ^{X))\ + ICsl \pt,i2,r,i^ ' Hx))\ 

+ |Pi,ci6+c26,r?(^(a;)) - cipt,i^,,n{'ip{x)) - C2pt,^,,r,{ip{x))\ 
<3e+ \{i>{at{x)){ci^i + 026),??) - Ci{ij{at{x))^i,r]) - C2{^p{at{x))^2,v)\ = 3e 

and as this is true for all e > 0, we conclude that 

Pt,ci(i+C2(,2,r]iz) = CiPt^l^^^niz) + C2Pt,^2,ri{z). 

Conjugate-linearity in 77 is, of course, established in the same way. 

9. We therefore obtain an operator in B{Sj), which we call 5* (2;), characterized by 
the property 

Ve,^ei3: pt,U^) = {atiz)^,rj). (5.9) 

We now have a function (not yet known to be linear, continuous, multiplicative, 
or self-adjoint) a^ : 21 — t- B{Sj) which extends the unital *-endomorphism St : 
i/j{Qi) ^^(21). 
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10. The function at is contractive, because 

\\atiz)\\= sup \{at{z)^,r])\= sup \pt,i,r,{z)\ < sup |k||||^|| ||r/|| = |k|| 

i,ri£S)i S.,V&^1 i,V<^^i 

by equation (15.81) . 

11. Weak and strong-* continuity of at are straightforward consequence of the nor- 
mahty of the Pt,^,rf Indeed, ii z^, ^ z weakly in the unit ball 2li, then for all 
^, ?7 it follows that 

(^t{zu)^,r]) = Pt,i,r,{zu) -^ Pt,i,r,{z) = {at{z)^,v) 

so that at{z,y) -^ o't{z) in the weak operator topology, which agrees with the 
weak topology of 21 on bounded subsets, li z,^ —^ z strong-*, then {zy — z)*{zi, — 
z) — )■ weakly and {zi, — z){z^ — z)* —^ weakly, and we repeat the analysis. 

12. Since at maps the unit ball of ip(Qi) into ip(^), it follows from the previous 
step and the Kaplansky density theorem that it maps the unit ball of 21 into 21. 
Hence at, initially defined as a map from 21 into B{S)), is actually a self-map of 
21. 

13. Next, we prove that at is a *-endomorphism of 21. For multiplicativity, let z,w ^ 
21. Using Kaplansky density, choose nets {x,^},{y,,} C 21 with ||'?/'(x;^)|| < ||2;|| 
and ||'?/'(yt/)|| < 11^11 for all z/, and 'ip{xy) — )■ z and ip{yu) — )■ w strongly. Then 
||'?/'(xi,)'?/;(i/^)|| < ll^ll 11^11 for all v and since multiplication is jointly strongly 
continuous, we have ijj{xu)'il>{yu) — ^ zw strongly. Then since at is strongly 



108 
continuous and is multiplicative on 'i/'(2t), 

at{zw) = at{\im'4j{x^)ip{y^)) 
= \\m.at{:ip{xy)ip{y^,)) 



fi,i/ 






at[z)atXw). 



For linearity, let Ci,C2 G C and 2;,w G 21 be given. Choose {x^} and {y^} as 
before; then for all //, z/ we have \\ciXy + C22/^|| < |ci|||z|| + |c2|||u'||, so that 
{ciXy + C2y^} is contained in a bounded subset of 21. The calculation then 
proceeds as for multiplicativity. Self-adjointness is proved similarly. 

14. Finally, it is clear that a^ = id, and for all s, t > and all x G 21, 

so that as+t and ct^ o a^ agree on the ultraweakly dense subset '?/'(2l) C 21; as 
both are normal, they are equal. 

D 

As one corollary, we can now find many dense subspaces of Sj. Recall that 
ip(V)VH is dense by the standard properties of the minimal Stinespring dilation plus 
the fact that V is norm-dense in 21. 

Lemma 5.4.4. For any finite set F C [0, oo) let V^^^ denote those elements of V 
which do not use any time indices from F . Then for all finite F C [0, oo), ip(P^^^VH 
is dense in f). 
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Proof. Consider a general vector of the form at-^{i{ai)) ■ ■ ■ at^{i{an))Vh, which we 
aheady know to be total in Sj. We proceed by induction on n. In the case n = 1 we 
have for any t that 

II (at(z(a)) - ai{i{a)))Vhf = 6(t; a*a) - 6(t, t; a*, a) - 6(t, t; a*,a) + 6(t; a*a). 

As t — )■ t, this approaches zero by the continuity properties of &. Inductively, we can 
approximate at^ (^(02)) ■ ■ ■ <7t„ {i{0'n))Vh by a vector in ip{V^^^)VH, which we then use 
as our h and proceed as before. D 

Before establishing our main continuity result, one more preliminary is needed. 

Proposition 5.4.5. The Hilbert space S) is separable. 

Proof. Let Ho be a countable dense subset of H, and ^0 a countable ultraweakly 
dense subset of A. We may assume WLOG that ^0 is a self-adjoint Q-subalgebra, so 
that its unit ball is strongly dense in the unit ball of A by Kaplansky's theorem. 
We will show that the countable set 

ltlj{at^{i{xi)) ...at^{i{xn)))Vh \ < h, . . . ,tn e Q; xi, . . . , Xn e Aq; h e HqI 

spans a dense subset of S^. We already know that il}{V)VH has dense span, so it 
suffices to show that vectors in il)[V)VH can be norm- approximated by vectors of 
the prescribed form. Let ri, . . . , r„ > 0, 1/1, . . . , ?/„ G A, and k E H. By the triangle 



no 



inequality, we have for any h ^ Hq, any ti, . . . , t„ G Q+, and any Xi, . . . , x„ G ^o that 



i^i^rMVl)) ■ ■■(^rAKyn)))Vk - ^ (di, (i(Xi)) . . . CTf^ (i(x„))) V/l 



< 



^Ki(^(2/l))---^r„(«(2/n))) 



\h-k\ 



+ 



iJ 



^Ij 



(TrMVl)) ■ ■ ■ (^rAKVn)) - CT^i (i(xi)) ■ ■ ■ (T^„ (i(x„)) 

f^n {i{xi)) ■ ■ ■ a^„ (^(2;„)) - fTi, {i{xi)) ■■■at„ {i{xn)) 



Vh 



Vh 



The first term can be made small by choosing h sufficiently close to k. For the second, 
note that each composition tpoatoiis normal, since it equals the composition atotpoi] 
hence ip{o't{i{Ao))) is weakly dense in ip{at{i{A))). By Kaplansky's theorem, it follows 
that the unit ball of ip{at{i{Ao))) is strongly dense in the unit ball of ip{at{i{A))); 
this plus the joint strong continuity of multiplication implies that 

[at,{i{xi)) . . . as„{i{xn))) | si, . . . , s„ > 0; Xi,...,a;„ G AJ is strongly dense in 
[at,{i{yi)) . . . at„{i{yn))) \ h, . . . ,tn> 0; yi, . . . ,yn e AJ. Hence, once /i has been 
fixed, an appropriate choice of xi, . . . , x„ makes the second term arbitrarily small. So 
far we have shown that vectors of the form 



ilj{ar^{i{xi)) ■ ■ ■ a-r„{i{xn)))Vh ri,...,r„ > 0; Xi,...,x„ E Aq; h E Hq (5.10) 



are total in i^. It remains to prove that such vectors remain total under the added 
restriction that the Tj be rational. Let ^ E il){V)VH be orthogonal to all vectors of 
the form (15.1 Op . That is, we let Zi, . . . , z^ E A, t] E H , and Si, . . . , s^ > such that. 
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for all Xi, . . . , x„ G ^o; all < ti, . . . , t^ G Q, and all h G Hq, 

= {-^[(TtAKxi)) ■ ■ ■ at^{i{xn)))Vh,i)[as^{i{zi)) ■ ■ ■ as^{i{zm)))Vri) 

= (6(rvt1rvx)e,r/) 

where we introduce the notation (si, . . . , Sm)* = {sm, • • • , si) for si, . . . ,Sm > and 
{zi, ..., Zra)* = {z:^, ..., zl) for Zi, . . . , Zm & A. Now for any te [0, oo)", let {4} C 
Q" such that s* V t^ — )■ s* V t non-crossingly; then by Proposition (I5.3.3p . 

(6(s* vf;F Vf)C,r/) = lim (6(s* V 4; F V f)C,r/) = 0. 

k—>oo 

We thus see that ^ must be orthogonal to a known total set and hence zero. D 
Theorem 5.4.6. For any a G 21, t i— )■ at(a) is ultraweakly continuous for all t > 0. 
Proof. We establish this in a series of steps. 

1. For any a E Ao and ^,r] E ip{V)VH, the value of (ai(?/'(a)).^, rj) = (^(cr((a)),^, 77) 
is given by a certain Sauvageot moment polynomial; explicitly, if 

a = a^^(z(xi))---cr^„(z(x„)), ^ = cr^i(«(yi)) ■ ■ ■cr,„(«(yn))^Co, and 
ri = aui{i{zi)) ■ ■ ■ au,{iizt,))Vr]o, then 

(5i(^(a))e,r/) = ^7r(©(M* V (f + t) V s-; r V f V y))eo,^o) • 

2. Given r and a time to ^ 0, let F be the set of times in r + to- Taking any 
^0)''7o ^ ip{P^^^)VH, which is dense by lemma (15.4.40 . we see by proposition 
(15.3.31) that the above expression is continuous at to, since if t — )■ to within a 
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sufficiently small neighborhood of to then -u* V (r + t) V s — t- m* V (r + tg) V s 
non-crossingly. We therefore have that t \-^ {at{i^{a))^,ri) is continuous at to 
for all ^,r]e %Ij[V^^^)VH and all a G A- 

3. By Lemma fl5.4.1|] . this implies that t i-)- (ai(^(a)).^, r/) is continuous at to for 
all ^,1] E S) and all a G Aq. 

4. Now let a G 21. By Kaplansky density, there is a sequence {a„,} C 2lo such that 
ipicin) — )■ a in SOT. We can use a sequence rather than a net because the sepa- 
rability of i^, established in Proposition (15.4.51) . implies the SOT-metrizability 
of S(^) f lBlaOGj II1.2.2.27). Then for any C,V ^ ^, 

{at{a)^,r]) = lim(at(?/;(a„))^, r/) 

n 

SO that the left-hand side, as a function of t, is a pointwise limit of a se- 
quence of continuous functions, hence measurable. That is, t i— )■ at{o,) is WOT- 
measurable; as the a are contractions and the WOT agrees with the ultraweak 
topology on bounded subsets, t h- )■ ai(a) is ultraweakly measurable at all t > 0. 

5. Since each at is normal, there is a corresponding preadjoint semigroup {pt} on 
21* given hj ptf = focrt, as discussed in section [T.4.H such that for each / G 21,,, 
t h-> pt{f) is weakly measurable at all t > 0. 

6. Since S^ is separable and 21 C B{S)), it follows that 21* is a separable Banach 
space. By section 11.4.11 the weak measurability of {pt} is therefore equivalent 
to its weak continuity at times t > 0. This is then equivalent to the ultraweak 
continuity oi t \-^ at- 
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D 
Theorem 5.4.7. {^,ip o^,lE, {?<}) is a strong dilation of (A, {0t})- 
Proof. By the definition of E, equation 15.31 and theorem 14.4.5^ 

¥, o at o 'ip = ]K o tp o at 
= Eoat 
= <PtoE 

= 0t O E O ?/). 

Since both 0t o E and E o a^ are normal, and since they are equal on the ultraweakly 
dense subset ^(21) C 21, they must be equal. D 

So far, theorem 15.4.61 leaves open the question whether {at} is point-weakly 
continuous at t = 0. 1 do not know when, if ever, that would fail to be the case; 
however, in case it does, we can remedy the situation by taking a suitable quotient. 

Lemma 5.4.8. Let A be a separable W*-algebra and {a*} an eQ-semigroup on A 
which is point-weakly continuous at all t > . Then at is point-weakly continuous at 

Otff 

p|keraj = {0}. 

t>o 

Proof. The point-weak continuity of «< at t = is equivalent to the weak (equivalently, 
strong) continuity at t = of the adjoint semigroup {pt} on A^, defined by {ptf) = 
f o at- As mentioned in section [1. 4. 1^ this is equivalent to the condition 



IJptA^ = A^ 



t>o 
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since A* is assumed separable. Now the annihilator of the left-hand side is 



[jptA, = {a e A I Vt > : V/ G A : {ptf){a) = 0} 



= {a G A I Vt > : V/ G A : f{at{a)) = 0} 
= {a G A I Vt > : atia) = 0} 

= Pi ker at 

oo 

because A* separates points on A. D 

Theorem 5.4.9. Lei A be a separable W*-algebra and {(j)t} a CPo-semigroup on A. 
Then there exists a unital strong dilation of {(f)t} to an EQ-semigroup on a separable 
W* -algebra. 

Proof. The dilation (21, ?/; o z,E, {cxt}) constructed in this chapter satisfies all the re- 
quirements except possibly point-ultraweak continuity at t = 0. 
We now let 

7^ = Mker aj. 

This is an ultraweakly closed ideal in 2t; we use 21 for the quotient 21/7?., which is 
another separable W*-algebra. Because at (7?) C 7? for each t > 0, we obtain for each 
t > a map a^ : 21 — )• 21 characterized by the commutative diagram 




21— r-2t 
Defining also ao = id~, we see that {at} inherits from {at} the properties of being an 
CQ-semigroup and of point-ultraweak continuity at t > 0. Furthermore, 
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llkeraf = {0} by construction, so that {at} is point-weakly continuous at t = 

oo 

and hence is an Eq- semigroup. Our embedding of A into 21 is given hj q o ip o i^ 

where 21 — )■ 21 is the quotient map; this is injective because, if a G ^ is such that 

q{ip{i{a))) = 0, then ip{i{a)) G TZ, so that for alH > one has 



ati^itia))) = 
tp{at{i{a))) = 
at{i{a)) = 
E[at{i{a))] = 
0,(E[i(a)]) = 
0i(a) = 

and since (j^tici) — )■ a as t — > 0"*^ this imphes a = 0. To construct our retraction, we 
first note that TZ C ker E; indeed, if a G 7^ then for alH > we have 

at{a) = 
Eo at{a) = 
(j)t o E(a) = 

and by letting t — )■ O"*" we conclude E(a) = 0. Hence, ker q C ker E, so there is a unique 
map E : 21 — 7- ^ with E = E o g. This map satisfies Eogo^oz = Eo?/;o-i = id^, so 
it is a retraction with respect to the given embedding. Finally, 
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and since the image of q generates 21 this imphes E o a^ = 0^ o E. We therefore have 
a strong dilation of the original semigroup. D 
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CHAPTER 6 
COVARIANT FILTRATIONS FOR SAUVAGEOT DILATIONS 

6.1 Introduction 

In the commutative Daniell-Kolmogorov construction, the retraction E : 21 — > 
A can be interpreted as follows: Given a function / on the path space ^, E/ is the 
function on the state space S with the property that (E/)(x) is the best guess at the 
value of f{p) if the only information we know about path p is that it starts at the point 
X. One can generalize this: For any time t > one can define a retraction Ej from 
21 to the functions on stopped path space S''^'*'. The value of E^/ at a stopped 
path q is the best guess at the value of f{p) if the only information known about 
path p is that its history up to time t is given by q. The conditional expectations 
{Et} on 21 corresponding to the retractions {Et} satisfy the filtration property 
EtEs = EgEt = Eg for s < t, and the fact that the process is Markov implies the 
covariance property crgEt = Et+s<^s for s,t>0. 

If one is interested in dilations of cpo-semigroups in the context of a theory 
of noncommutative Markov processes, it may be desirable to construct not only a 
dilation of the given cpo-semigroup, but also a covariant filtration on the dilation 
algebra. This was done in the paper |Sau86j . in a manner that we now relate. 
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6.2 Strong Right-Liberation 

As we shall see shortly, our filtration will depend upon a method of construct- 
ing the Sauvageot product A-kB which takes into account the additional information 
of a conditional expectation on A. In preparation for this we develop a modification 
of the liberation properties from chapter [2l 

Definition 6.2.1. Let C,i',t,A,B,p be as in Definition 12.3. II Let R : A ^ A he 
a linear map such that z o R = c, and let Aq d A denote the range of R. We 
say that we say that (A,B,p,R) is strongly right-liberated if e is a left {Ao,B)- 
module map and for every n > 1, 02, . . . , a„ G A, and bi, . . . ,bn G B satisfying 
z/(6i) = ■ ■ ■ = z/(6„„i) = and every x G Aq, 



X6id2&2 • • -anbn 



0. 



A strongly right-liberating representation is the corresponding analogue of Def- 
inition [2X1 

As with right and left liberation, strong right liberation implies an algorithm 
for calculating e on {A, B). Accordingly, we introduce three types of words in (A, B): 
A word of the first type is, as usual, of the form b^aibi . . . a^b^ for some ai, . . . , a^ G A 
and bo, . . .bi & B. A word of the second type is of the form feotii&ia2^2a363 . . . hebe, 
where we retain the notation a = a — p{a), and introduce the notation a = a — R{a). 
A word of the third type is of the form bQR{ai)bia2b2a^b^ . . .hibi. As previously, 
words of all types are said to be in standard form if ^{bi) = ■ ■ ■ = z/(6^_i) = 0. 

The relevant center-expand-simplify strategy for calculating e on words of the 
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first type is as follows: 

• Center the 6j for < i < £, expand, and collapse. The result is a sum of 
standard-form words of the first type, each with length at most £. 

• Center oi with respect to R (that is, write ai = ai + R{ai)) and the Oj for i > 1 
with respect to p. Expand and collapse. The result is a sum of words of the 
second and third types, with length at most £, and with length equal to i only 
when in standard form. 

• For words not in standard form, un-center the Oj, expand, and simplify, thereby 
obtaining a sum of words of the first type with length strictly less than i. The 
procedure can then be recursively applied to these. 

• On standard-form words of the second type, e vanishes by the hypothesis of 
strong right liberation. 

• On standard-form words of the third type, e can be calculated using the left 
{Aq, i?)-module property: 

t[boR{ai)w] = boR{ai)t[w] 

where w is a strictly shorter word, on which e can be calculated recursively. 

We now formalize this strategy into a recursive definition. 

• We modify our definitions of right collapse and un-coUapse to account for the 
fact that ai is now centered by R rather than p. Given i > 1, x G We, and 
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a subset T C [£ — 1], write T = (ii, . . . , im)- For k = 1, . . . , m we define (3k = 

^ik n P{^j)^j ^s before. However, /3o is now always equal to Bq. In the case 1 G 

j=«fe+i 

Twe define the modified right collapse RCs(a;; t) = {(3q, ai, /3i, . . . , ai^, (3m) as be- 
fore, but in the case 1 ^ Twe define RCs(x; t) = {(3o, R{ai), (3i, Cj^, . . . , ai^, (3m). 
Similar remarks apply to the modified un-collapse UCs(x; t). 

• We also define, for i* > and x G W^, the tail x+ to be the tuple ob- 
tained by truncating the first two entries. That is, (6o, oi, &i • • • , «£, &^)+ = 
(fei, 02,62, •• -,«£,&£)• 

• We now recursively define 

LM,(6o) = RM,(6o) = UM,(6o) = 60 (6.1) 

LM,(f) = J]RM,(La(f;r)) J] y{x2j-,i) (6.2) 

rc[£] ie[<?+i]\r 

RM,(x) = Y^ UM,(Ra(x; ri) + ^ xi/2(x2)UM,(x+; ?- 1) (6.3) 

iGrc[^+i] i^rc[^+i] 

UM,(f)= 5^ LM,(Ua(x; i-)) (6.4) 

rc[^+i] 

for X G W^+i. 

We then arrive at the following theorems, which we state without proof. 

Theorem 6.2.2. Let {A,B,p,R) be strongly right-liberated in A with respect to c, z/. 
Then for any x G W/, 



U(x) 



LM,(f)e[l] 
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Corollary 6.2.3. Let {A, B, p, R) be strongly right- liberated in A with respect to c, u. 
Then 

\a,B)J =c[{Ao,B) 

Corollary 6.2.4. Let A be a unital algebra, A,BgA unital subalgebras, p : A ^^ B 
a unital linear map, R a linear transformation on A, u : A ^ C a unital linear 
functional. Suppose ti, t2 '■ A ^^ A are linear maps satisfying 

• tiO p= ti 

• ti o R = ti 



• {A,B,p,R) is strongly right- liberated with respect to ti,v 

for i = 1,2. 

If ti[l] = 62(1], then ti = C2 on {A,B). 



6.3 Lifting a Retraction to the Sauvageot Product 

We begin this section with a lemma which is of independent interest. 

Proposition 6.3.1. Let Aq and A be unital C*-algebras, l : Aq ^ A a unital embed- 
ding, and e : A —^ Aq a unital retraction with respect to l. Let vr : Aq — t- B{H) 
be a representation. Then the minimal Stinespring triple {K, ip, V) for the map 
71 o e : A ^ B{H) has the property that the image of V is invariant under if) o l{Aq); 
that IS, VV*^^{l{-))V = ilj{i{-))V- 
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Proof. For any Oq G Aq and h ^ H, 



tiao))Vh-VV*ijiiiao))Vhf = {^itiao))Vh,i;iL{ao))Vh) 

- 2Re {tlj{i{ao))Vh, VV*xlj{L{ao))Vh) 
+ {VV*'^{L{ao))Vh,VV*'4j{L{ao))Vh) 
= {V*ilj{i{a*ao))Vh,h) - {V*ij{i{ao))Vh,V*^lj{L{ao))Vh) 
= {'JT{e{L{a*Qao)))h,h) - (7r(e(i(ao)))/i, 7r(e(i(ao)))/i) 
= {'7i{aQao)h,h) — {'jr{ao)h,'Ji{ao)h) = 0. 



D 

We now apply this in the context of hfting a Sauvageot retraction. 

Theorem 6.3.2. Let {A,B,(j),uj) be a CPC* -tuple (resp. CPW -tuple), Aq another 
unital C*-algebra (resp. W*-algebra), Aq ^ A a (normal) unital embedding, A ^ Aq 
a corresponding (normal) retraction such that (p o l o e = (j). Forming the Sauvageot 
products of the CP-tuples {A, B, </>, u) and [Aq, B,(j)o l, u) with Sauvageot retractions 
6 and 9q respectively, and letting l* denote the map l -k id^ : AQ-k B ^^ A-k B, there 
exists a unique retraction e* : A-k B ^ Aq-m B such that the diagrams 



A- 



^Ai^B 



A, 



^ An-kB 



iO 



Ai.B 



AQi^B 



B 



commute, and such that {A k B.,%1)^., ip^^, 6* o -j/;^, tu, e* o 6*) is a strongly right-liberating 
representation of {A, B,(j),eo l). 
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Proof. First we show that there exists a faithful representation {H, Q, vr^, K, V, vr^) of 
{A,B,(f),uj) and an 7r^(t(ylo))-invariant subspace VH C Kq C K with the property 
that {H, Q, TT^, Kq, V, TT^ oi) is a faithful representation of {Aq, B, (pot, uj). For this, we 
begin with a faithful representation (H, Q, n^) of {B, u). Then, applying Stinespring's 
theorem to the completely positive map tt^ o o i : Aq — t- B{H), we obtain a triple 
(Ko,V',7rf)) such that V*TT^^\ao)V = 7r^(0(i(ao))). We may assume WLOG that 
(H, f2, vr^, Kq, V, TT^^^) is faithfully decomposable, as otherwise we take its direct sum 
with some faithful representation of Aq. Applying Stinespring again to the completely 
positive map vr*^") o e : A — )■ B{Kq), we obtain another triple {K,W,'ir^) such that 
W*Tr^{a)W = 7r[°^(e(a)). For simplicity, we suppress the notation and regard Kq as 
a subspace of K; by Proposition 16.3. 1[ (Ko,7i^^^) is a subrepresentation of {K,7r^ o 
l). Again we assume without loss of generality that {H, Q, vr^, K, V, vr^) is faithfully 
decomposable, as otherwise we replace {K,7i^) by its direct sum with some faithful 
representation of A. 

Having completed this task, we now let A-kB be the Sauvageot product realized 
by this representation on the Hilbert space S) = H~ -k L; by 13.4. Ill the C*-subalgebra 
(resp. von Neumann subalgebra) generated by Aq and B acting on Sj is Aq -k B. 
Letting i^o = H~ -k Lq, which by Remark [3.2.81 may be regarded as a subspace of Sj, 
we see from Proposition 13.2.91 that i^o is Ao^-B-invariant. It follows that this and the 
faithfulness of {H,il,nj^, KQ,V,Tr'f'^) that, letting C : B{S)) — )■ B{:^q) be the natural 
compression, then the image C{Aq k B) is also isomorphic to AQ-k B, and (modulo 
this isomorphism) C restricts to the identity map on Aq k B. Then the restriction of 
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C to A-k B, which we denote e*, is a retraction satisfying the commuting diagrams in 
the statement of the theorem. It remains to check strong right-hberation. Beginning 
with a vector in any summand L^J"®" ® Lq or iJ L(|®" ® Lq and applying a word of 
the form 

produces a vector in a sum of subspaces of the same form. But then applying an 
element ipi^{a) —ip^{e{L{a))) yields a sum of vectors in subspaces (LqLq) ^L"*"®"®//, 
so that projection onto S^o G S) again returns zero. D 

The next two results are more easily stated in terms of conditional expecta- 
tions, but may be translated into the language of retractions if desired. 

Proposition 6.3.3. Let [A, B, (p, u) be a CP-tuple, E a conditional expectation on A, 
Ai (Z A a C* -suhalgehra (resp. W* -suhalgehra) such that E{Ai) C Ai. Then viewing 
Ai-k B as a suhalgehra of Air B, we have E*{Ai -k B) C Ai^k B. 

Proof. This follows from the uniqueness of Sauvageot products and of the lifted re- 
tractions provided by Theorem I6.3.2[ because the restriction of i? is a conditional 
expectation on Ai. D 

Corollary 6.3.4. Let {A,B,(j),u) he a CP-tuple and Ei,E2 conditional expectations 
on A such that Ei o E2 = Ei (resp. Ei o E2 = E2). Then E^ o E2 = El (resp. 

El o E* = e;). 

Proof. This follows from the uniqueness oi El (resp. E2) in Theorem 16.3.21 as EI0E2 
satisfies the same properties. D 
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6.4 The Inductive System: Retractions Onto Initial Segments 

In the construction of our inductive system in cliapterHl we produce retractions 
e^ : A^ — )■ A for each 7 G J-". We have now the tools to produce a consistent family 
of retractions e/3^^ : Ay — )■ A/b whenever /3 < 7 is an initial segment. 

Definition 6.4.1. Let 7 = {ti, . . . , t„} G J-" and /3 = {ti, . . . , t^} for some 1 < ?7i < 
n. We define a retraction e^^^ : Ay — )■ ^/^ as follows: 

• We proceed by reverse induction to define retractions e^(£)^-y(f) for £ = m, . . . , 1. 

• In the base case i = m we define e/3(m),7(m) to be e^(m) as defined in chapter HI 

• Inductively, we define 

in the sense of Theorem I6.3.2I 
Proposition 6.4.2. 

1. Each map ep^y is a retraction with respect to f „. 

2- ///^ < 7 < <5 are initial segments, then ep^y o ey^s = ep^^. 

Proof. 

1. Given /3, 7 as in Definition l6.4.H we inductively prove that ^i3(i),i3(t)Of , ^. = id. 
The base case e^ o ty was established in Chapter HI while the inductive step is 
just the property e* o l* = id from Theorem 16.3.21 
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2. Suppose (3 = {ti, . . . , tm}, 7 = {h, • • • , Wn}, and 5 = {ti, . . . , tm+n+k}- We 
first prove inductively that e^(£) o e^(^e)^s{£) = ^^(f) for ^ = m + n, . . . , 1. The base 
case £ = m + n is trivial, since 'j{£) is a singleton and hence e^(^i^^s{i) = e5(£) and 
e^(^) = id_^. Inductively, recall that A^[i) is the Sauvageot product A.y(i^i) -k A 
with respect to the map (pte+i-ti ° ^-rie+i): and similarly ^5(^) = As(£+i) -^ As{i) 
with respect to 0t,^.i-j, o e5(f). We also have es(e+i) ° /,(,+i),^(,+i) = £7(^+1) by 
Proposition I4.4.2I It follows that 

and an application of Corollary 13.4. 121 imphes that e-y(£) o e^(£)^5(£) = es{i)- 

As a particular case we obtain e-y(rn) ° e7(m),5(m) = ^^(m), which then becomes 
the base case of a new induction, proving that e/3(£),^(£) o e^(^e)^s{e) = ^i3{£),5{£) for 
£ = m, . . . ,1. In the case i = mwe have /3(^) a singleton, so that e/3(^),7(£) = e^(^) 
and we reduce to the result just established. The induction on i follows by 
Corollary 16.3.41 

D 

Fix now any r > 0. Let Jv C J-" denote the finite subsets of [0,r], and for 
7 e J-" let 7(r) denote 7 fl [0,r]. Now {A^ \ 7 G Jv} with the same embeddings 
/ g from before is an inductive system; let 21^ denote its limit, with embeddings 
5'oo,7 ■ -^7 ~^ ^T- (We note that we can equivalently obtain 21,- as the limit of a system 
indexed by J-", with the object A^(t) corresponding to the set 7 and the morphism 
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/^,^) ^,^) corresponding to the inclusion /3 < 7.) Through the universal property of 
the limit we obtain an embedding /i,- : 21t- — )■ 21 characterized by 

/oo.^ = ^r o g^,-, for all 7 G JV- (6.5) 

Now a slight adaptation of the proof of Proposition 14.4.21 shows that for any 
inclusion /3 < 7 in J-" and any i such that t^ G /3, one has 

It follows that if /3 < 7 are sets both of which contain r, then 

^7(r>,7 ° f-t,^ = f\{r),pir) ° e/3(r),/3- 

Holding P fixed and taking a limit in 7, this implies the existence of a retraction 

Et- : 21 — 7- 21,- characterized by 

Er o /^_^ = ^^ „^^^ o e^(,),^ for all (3 E J^. (6.6) 

We let Et = hr o E^ denote the corresponding conditional expectation on 21, which 
is characterized by the property 

Er o /^,^ = /^,^<,) o e/3(r>,/3 for all /3 G J". (6.7) 
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Proposition 6.4.3 (Filtration). For all s <t, E,Et = E^ = EtE^. 

Proof. Since s < t, we have (3{s){t) = /3{s) = (3{t){s) for all /3 G J-". Then 

= foo„B(s) ° ^P{S),P 

= EsOf „ 

and 

EtoE.o /^_^ = Eto f^^^^^^ o epi^s),p 

= EsOf „ 

and as the images of the /^ ^ generate 2t, this implies Et o Eg = Eg = Eg o Et. D 
Proposition 6.4.4 (Covariance). For any s,t > 0, 

o'sEt = Et+gO's- 

Proof. First, we note that for any initial segment /3 < 7 in J-" and any s > 0, e^+^^^+s = 
e/3^^, since the definition of e^j^^ depends only on the time differences in 7. We also 
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have 7(t) + s = (7 + s)(t + s) for any s, t > and 7 G J-". Then 

t-\-S S J 00,7 t-\-S J cx3,7 + s 

= /oo,(7+s)(t+s> ° ^h+s){t+s),'y+s 
~ Joc,-i{t)+s ° ^'y(t)+s,y+s 

~ /oo,7(t>+s ° ^7(*)>7 

= (Jo O i^^f o f 

^ t, J 00;7 

which imphes the result. D 

6.5 Covariant Filtrations on W*-Dilations? 

So far we have produced a fihration of conditional expectations {-E't}t>o on 
the C*-dilation algebra 21, which is covariant with respect to the semigroup {ui}- 
In chapter [5l we showed how, when our initial semigroup acts on a W*-algebra, we 
can modify the dilation to achieve a W*-algebra 21 and a continuous semigroup of 
normal endomorphisms {at} of 21. It is natural, then, to seek a filtration {Et} of 
normal conditional expectations on 21 which is covariant with respect to {crt}, which 
is continuous in the sense that t h^> Et{a) is strongly continuous for fixed a G 21, and 
which is also related to our C*-filtration by the diagram 



21-^21 



21^—21 

Et 
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This is very similar in spirit to the question of how to define the maps at , which was 
addressed in Theorem I5.4.3I A strategy for answering it through similar methods 
would be as follows: 

• For each r > 0, define "r-moment polynomials" &r{t]S) by modifying the 
recursion in Definition I5.2.2[ The point of this would be to show that 

&rit; a) = E^ [at^{i{ai)) ■ ■ ■ o-t„(i(a„))] . 

These r-moment polynomials should also be weakly continuous in each entry 
of a, and jointly strongly continuous in t and a subject to the non-crossing re- 
striction (indeed, this restriction may only be needed among those times greater 
than or equal to r) and possibly with an additional restriction that times not 
cross r. Finally, for any fixed t and a, ©r(^; S) should be strongly continuous 
in r for those r not equal to any entry of t. 

• In the spirit of Lemma [5.4.2[ one could find for each y,z &V and t > elements 
j/o, zq eV and a normal linear map Q on A such that K[yEt{x)z] = QoKlyoxzo] 
for all a; G 21. 

• As in Theorem I5.4.3[ one would have for all x G 21, yo, Zq G V, and ^',77' G H 
that 

{i;{Etix))^lJiy)VC,^^iz)Vv') = {Q{E[z;^l^{x)yo])e,v') 

and could therefore define Et by its sesquilinear form 

{EtiX)i;iy)Ve.^iz)Vrj') = {QiE[z*,Xyom',v'- 
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At the time of thesis submission (March 28, 2013), I have not verified the 
success of this approach. 
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CHAPTER 7 
PRODUCT SYSTEMS 

7.1 Introduction 

For a Hilbert space H , the Fock space 



oo 



HH) = @H 



n=0 

can be understood as follows: The collection {if®"} forms a bundle of Hilbert spaces 
over N, and furthermore, a bundle which tensors associatively: there is a family 
of unitary equivalences H®'^ ® H®"^ — )■ if ®(™+") which compose in such a way that 
jjtsn ^ ^®m ^ jj®k _^ jj®{m+n+k) |g uuambiguous. The Fock space then consists of 
the square summable sections of this bundle. 

When formulated in this way, one can naturally define a "continuous analogue 
of Fock space" ( [Arv89a] - |Arv90b] ). called a product system of Hilbert spaces, 
to be a bundle of Hilbert spaces over (0, cxd) which tensors associatively. As usual 
when one forms bundles of Hilbert spaces, measurability hypotheses come into play, of 
which we omit the details here. (The analogue of Fock space is not the bundle itself, 
but rather the associated Hilbert space of its square-integrable sections.) Without 
stating all the results precisely, here are some of the relevant aspects of the theory. 

1. Product systems of Hilbert spaces are naturally associated with Eo-semigroups; 
indeed, once appropriate morphisms have been defined, there is an equivalence 
of categories between (equivalence classes of) product systems of Hilbert spaces 
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on the one hand, and Eo-semigroups on B{H) on the other. 

2. There are several ways to construct a product system from a given Eo-semigroup, 
one of which we mention is the following technique of Arveson: Given the 
semigroup {at} on B{H), form the intertwining spaces 

Et = {X e B{H) I Vr G B{H) : XY = Yat{X).} 

A straightforward calculation shows that for X,Y ^ Et, the operator X*Y must 
commute with everything in B{H), so it corresponds to a scalar which we define 
to be {X,Y). Furthermore, Et turns out to be complete in this inner product, 
hence a Hilbert space; moreover, these spaces "tensor" asso datively, where for 
X E Et and Y E Eg the "tensor product" X ® F G Et+s is just the composition 
of operators XY. 

3. There is a classification of product systems into types I, II, and III, similar 
in spirit to the type theory of von Neumann algebras. The classification is 
based on the notion of a unit for a product system {Et}, which is a family 
of (unit) vectors Ut G Et that follow the given embeddings, that is, such that 
Ut (g> Us is identified with Ug+t- If the units "span" the product system in the 
appropriate sense, it is type I; if there exists at least one unit but they do 
not span the system, it is type II; if there are no units, it is type III. Type I 
systems are further classified according to their index, which is a number in 
N U {oo} defined as the dimension of a certain Hilbert space associated to the 
set of units, and equal to the index (as defined by Powers in |Pow88j ) of the 
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associated Eo-semigroup. 

7.2 Hilbert C*-Modules and Correspondences 

Given a C*-algebra A, a Hilbert A-module is a right A-module E with 
an "A-valued inner product" such that E is complete in the associated norm. A 
Hilbert space is precisely a Hilbert C-module. As another notable example, if X is 
a locally compact Hausdorff space, a vector bundle over X (in which each fiber is 
a closed subspace of some fixed Hilbert space) is a Hilbert C(X)-module; for this 
reason Hilbert C*-modules are sometimes conceptualized as "noncommutative vector 
bundles." The basic theory can be found in the seminal papers [Pas73j |Rie74] . 
[KasSOj and the more recent sources |Lan95] , |MT05] , and |RW98] . Among the notable 
features are the replacement of bounded operators on E with the more restrictive 
notion of adjointable operators, the set of which is denoted C{E) and forms a C*- 
algebra; if A is a W*-algebra and E is self-dual (a property not enjoyed by all 
C*-modules), then C{E) is a W*-algebra. If A is a W*-algebra and E is not self-dual, 
one typically works instead with its self-dual completion. 

Given C*-algebras A and B, a Hilbert -B-module equipped with a left ac- 
tion of A (by which one means a *-homomorphism from A to C{E)) is called an 
[A, i?) -correspondence. As with balanced tensor products of bimodules over rings, 
one can form the tensor product (sometimes called the internal tensor prod- 
uct) of an {A, i?)-correspondence with a {B, C)-correspondence to obtain an {A, C)- 
correspondence. In particular, given an {A, yl)-correspondence E, one can form tensor 
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powers E"®", and thereby also the Fock correspondence J^{E) = ^'^^qE'^^. More 
generally, one can form a product system of {A, A)-correspondences in a fashion 
analogous to the last section. 

As outlined above, Arveson's intertwining technique produces a product sys- 
tem of Hilbert spaces from an Eg-semigroup on B{H). When one considers an Eq- 
semigroup on a general von Neumann algebra A^, however, the same technique pro- 
duces a product system of correspondences over the commutant Ai' . Hence, product 
systems of correspondences arise naturally in the study of Eo-semigroups on von Neu- 
mann algebras. 

The classification theory of product systems of correspondences is more com- 
plicated than that of product systems of Hilbert spaces, in part because it is more 
complicated even to define what a unit is. Following |Ske06j . we define a unit to be a 
family of elements ^t G Et which tensor associatively, a unital unit to be one for which 
{^t,C,t) = 1 for all t (this is not automatic even with the hypothesis that ||.^(|| = 1), 
and a central unit to be one for which the left and right actions of Ai agree, i.e. 
m ■ S,t = ^f fT^ for all t and aX\ m ^ M.. Central unital units are of particular impor- 
tance in classification theory; fortunately, it is known that for product systems of von 
Neumann modules, the existence of a central contractive unit (meaning {C,t,C,t) < 1 
for all t) implies the existence of a central unital unit. A product system having such 
a unit is called either spatial or non-type-III, though sometimes those terms are 
distinguished. 
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7.3 Units for Product Systems Associated With Sauvageot Dilations 

In this section we present some calculations toward the construction of a unit 
for the product system arising from a Sauvageot dilation. For convenience we work 
with the dilation (21, {?*}) instead of its quotient (21, {o't})- 

• Define for each t > an operator Ut G B{Sj) by its action on il){V)VH: 

Utilj{at,{i{ai))) ■ ■■ilj{at^{i{an)))Vh = ip{at,+t{i{ai))) ■ ■ ■ V^(aj„+i(i(a„)))r/i. 

• We omit the verification that this extends to a well-defined map on the linear 
span oitp{V)VH, and show its contractivity For simplicity, consider an element 
of ■ip{V)VH, and compute 



lUt-^iat.iiiai))) ■ ■■i/j{at„{i{an)))Vhf = \\ip{at,+t{i{ai))) ■ ■ ■ip{at„+t{i{an)))Vhf 



V*ij {at„+t{i{an)y ■ ■ ■ at„+t{i{an)) j Vh, h 
^TT o E o at\^(Tt„{i{an)y ■ ■■at^{i{an))jh, hj 
7ro(f)t oE(at„{i{an))* ■ ■ ■ (Jt„{i{an))jh, h 
< (n oE\o-t„{i{an)y ■ ■ ■ at„{i{an))]h,h 



since each (ht is contractive. 



Clearly UtUs = Ut+s- To show that {Ut} is a unit, we need to verify that 
UtY = at{Y)Ut for all F G 21. By the normality of both sides, it suffices to 
establish this for Y in the weakly dense subalgebra '?/'(2l), which reduces again 
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to consideration of elements ip{V). Now letting crj^(i(ai)) ■ ■ ■crf^(i(a„)) be a 
typical element of ip{V) and 0-5^(2(61)) ■ ■ ■ a s^{i{hm))V h a typical vector in S), 

Uttp{(rtAii(^i)) ■ ■ ■ ^tAiM)(rs,{i{bi)) ■ ■ ■ as^{i{bm)))Vh 

= i^{(^t^+Mai)) ■ ■ ■ ffi„+t(«(a„))(T.i+t(«(&i)) ■ ■■(^s„,+Mbm)))Vh 



o^t(^(^ti(^(ai))---fTt„(i(a„)))) 



U, 



'^{(^sA^h)) ■ ■ ■ as^{i{bm)))Vh 



as desired. 



• So far we have a contractive unit. To show centrality, consider an operator 
X G 21' and a typical vector tlj{p)Vh for p E V. Note that X commutes with 
ipi^p) and V^(o"f(p)), as both are elements of 21. Then 

UtXi/j{p)Vh = Ut'^{p)XVh = ij{at{p))XVh = XiP{at{p))Vh = XUtilj{p)Vh 

so that UtX = XUf 

The existence of a central contractive unit implies that the dilation semigroup 
is non-type-III, as referenced above. In particular, this is the case even when the orig- 
inal CP-semigroup happens to be a type III Eo-semigroup — a striking result indeed! 
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APPENDIX A 
TABLE OF VALUES OF COLLAPSE AND MOMENT FUNCTIONS 

In the tables to come, x^ denotes the tuple (60, Oi, &i, • • • , o^ , &^), and yi the 
tuple (ao,6i,ai,. . .,be,ae). 
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A.l Right-Liberation Collapse Functions 
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LC(xi;0) = xi 

RC(fi;0) = Mai)&i 
RC(fi;{l}) = Xi 

UC(xi;0) = -M«i)&i 
UC(fi; {1}) = fi 

LC(x2;0) = {bo,aia2,bi) 

LC(x2; {1}) = {bo, ai, bi, 02, 62) 

RC(x2;0) = {bop{ai)bip{a2)b2 



LC(f3;0) 

LC(X3;{1}) 

LC(X3; {2}) 

LC(X3;{1,2}) 



RC(x3;0) = bop{ai)bip{a2)b2p{a3)b3 



RC(X3; {1}) 
RC(f 3; {2}) 



RC(f3; {3}) 



RC(X2; {1}) = (bo, ai, V(«2)fe2) RC(x3; {1, 2}) 

RC(X2; {2}) = (6op(ai)6i, 02, ^2) RC(x3; {1, 3}) 



RC(x2;{l,2}) = f2 



RC(f3;{2,3}) 



UC(f2; 0) = (6op(ai)6ip(a2)62) RC(f3; {1, 2, 3}) 



UC(x2; {1}) = (fco, oi, -bip{a2)b2 



UC(X3;0) 



UC(f2; {2}) = (-6op(ai)&i, a2, 62) UC(x3; {1}) 



UC(X2;{1,2}) = X2 



UC(X3;{2}) 

UC(f3; {3}) 

UC(X3;{1,2}) 

UC(f3;{l,3}) 

UC(X3;{2,3}) 

UC(f3;{l,2,3}) 



60,010203,63 



60,01,61,0203,63 



60,0102,62,03,63) 



60,01,61,02,62,03,63) 



6o,Oi,6ip(o2)62p(o3)63) 
6op(oi)6i,02,62p(o3)63) 

6op(oi)6ip(o2)62, 03,63) 

6o,Oi,6i,02,62p(o3)63) 
60, 0i,6ip(02)62, 03,63) 

6op(oi)6i, 02,62, 03,63) 



60,01,61,02,62,03,63) 



-6op(oi)6ip(o2)62p(o3)63 

6o,Oi,6ip(o2)62p(o3)63) 

-6op(oi)6i, 02, -62p(o3)63) 
6op(oi)6ip(o2)62, 03,63) 

6o,Oi,6i,02,-62p(o3)63) 
60, 0i,-6ip(02)62, 03,63) 



-6op(oi)6i, 02,62, 03,63 



60,01,61,02,62,03,6 
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LC(f4; 0) 

LC(f4;{l}) 

LC(f4;{2}) 

LC(f4; {3}) 

LC(f4;{l,2}) 

LC(f4;{l,3}) 

LC(X4;{2,3}) 

LC(X4;{1,2,3}) 



RC(f4;0) = bop{ai)bip{a2)b2p{a3)b3p{a4)b4. 



RC(f4;{l}) 

RC(f4; {2}) 

RC(f4; {3}) 

RC(f4;{4}) 

RC(f4;{l,2}) 

RC(f4;{l,3}) 

RC(f4;{l,4}) 

RC(f4;{2,3}) 

RC(f4;{2,4}) 

RC(f4;{3,4}) 



bo, 01020304, 64) 



60, ai, 61, 020304,^4) 



bo,aia2,b2,a3a4,bi) 



60,010203,63,04,64) 



60,01,61,02,62,0304,64) 
60,01,61,0203,63,04,64) 



60,0102,62,03,63,04,64) 



60, Oi, 61, 02, 62, O3, 63, O4, 64) 



60, Oi, 6ip(02)62p(03)63p(04)64) 
6op(Oi)6i, O2, 62p(03)63p(04)64) 
6op(Oi)6ip(02)62, O3, 63p(04)64) 
6op(Oi)6ip(o2)62p(o3)63, O4, 64) 
60, Oi, 61, O2, 62p(03)63p(04)64) 
60, Oi, 6ip(02)62, O3, 63p(04)64) 
60, Oi, 6ip(02)62p(03)63, O4, 64) 

6op(oi)6i, 02, 62, 03, 63p(o4)64) 
6op(oi)6i, 02, 62p(o3)63, 04, 64) 
6op(oi)6ip(o2)62, 03, 63, 04, 64) 
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RC(f4;{l,2,3}) 
RC(f4;{l,2,4}) 
RC(f4;{l,3,4}) 
RC(f4;{2,3,4}) 



RC(f4;{l,2,3,4}) 



UC(f4;0) = hQp{ai)hip{a2)h2p{a^)hp{ai)hi 



UC(f4;{l}) 

UC(f4;{2}) 

UC(f4; {3}) 

UC(f4; {4}) 

UC(f4;{l,2}) 

UC(f4;{l,3}) 

UC(f4;{l,4}) 

UC(X4;{2,3}) 

UC(X4;{2,4}) 

UC(f4;{3,4}) 

UC(f4;{l,2,3}) 

UC(X4;{1,2,4}) 

UC(f4;{l,3,4}) 

UC(f4;{2,3,4}) 



UC(f4;{l,2,3,4}) 



6o, ai, 6i, 02, &2, %, h2,p{ai)hi) 
bo, ai,bi, 02, &2p(a3)&3, 04, ^4) 
60, ai, bip{a2)b2, a-s, 63, 04, 64) 
bop{ai)bi, a2, 62, 03, 63, 04, 64) 



60, ai, 61, 02,62, 03,^3, 04, &4) 



60, ai, -bip{a2)b2pia3)b-sp{a4)b4) 
-bop{ai)bi, 02, b2p{as)b-ip{a^)b4) 
bop{ai)bip{a2)b2, 03, -63P(a4)64) 
-bop{ai)bip{a2)b2p{a-i)b3, 04, 64) 
60, ai, 61, 02, 62p(a3)63P(a4)64) 
60, ai, -bip{a2)b2, 03, -63P(a4)64) 
60, ai, bip{a2)b2p{a^)bz, 04, 64) 
-6op(ai)&i, 02, 62, %, -&3P(«4)&4) 
-6op(ai)&i, ^2, -b2p{a^)b2., 04, 64) 
bop{ai)bip{a2)b2, 03, 63, 04, 64) 

60, ai, &i, 02, &2, 03, -&3P(a4)&4) 
bo, ai,bi, 02, -b2p{a3)b3, a^, 64) 
60, ai, -bip{a2)b2, 03, ^3, 04, ^4) 
-6op(ai)&i, 02, 62, 03, 63, 04, 64) 



60, 01,61,02, 62, 03, ^3, 04,^4) 
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A. 2 Right-Liberation Moment Functions 



RM(fi) = bop{ai)bi 

LM(fi) = bopiai)b, 

UM(fi) = 

RM(f2) = bop{ai)bip{a2)b2 

LM(f2) = iy{bi)bo[p{aia2) - p(ai)p(a2)]&2 + &oP(ai)&ip(a2)&2 

UM(f2) = i^{bi)bo[p{aia2) - p{ai)p{a2)]b2 

RM(f3) = bop{ai)bip{a2)b2p{a3)b3 + u{bi)bo[p{aia2) - p{ai)p{a2)]b3 

+ i^{bip{a2)b2)bo[p{aia3) - p{ai) p{a3)]bs + z/(fe2)&o ^(^203) - p(a2)p(a3)]&3 
LM(f3) = iy{bi)iy{b2)bop{aia2a3)b3 + i^{b2)bop{ai)bip{a2a3)b3 

+ u{bi)bop{aia2)b2p{a3)b3 + 6oP(«i)&iP(a2)&2P(a3)&3 

+ iy[bip{a2)b2jbQ[p{aia3) - p(ai)p(a3)]63 
= bop{ai)bip{a2)b2p{a3)b3 

+ v{bi)v{b2)bo p{aia2a3) - p(ai)p(a2a3) - p(aia2)p(a3) + p(ai)p(a2)p(a3) 



+ z/(6i)&o [p(aia2) - p(ai)p(a2)] 62p(a3)&3 + i^(&2)&op(ai)6i [p(a2a3) - p(a2)p(a3)] &3 
+ v{bi)v{b2)v{p{a2)) - v{bi)v{p{a2)b2) - y{bip{a2))v{b2) 
+ y{bip{a2)b2) &o[p(aia3) - p(ai)p(a3)]63 
UM(f3) = v{bi)v{b2)bo p{aia2a3) - p(ai)p(a2a3) - p(aia2)p(a3) + p(ai)p(a2)p(a3) 



+ 



y{bi)v{b2)i'{p{a2)) - y{bi)u[p{a2)b2) - y{bip{a2))v{b2) 6o[p(aia3) - p(ai)p(a3)]6: 
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RM(x4) = bop{ai)bip{a2)b2pia3)b3p{ai)bi + i^ibi)bo[p{aia2) - p(ai)p(a2)]62p(a3)&3P(a4)fe4 
+ iy{bip{a2)b2)bo[p{aia3) - p{ai)p{a3)]b3p{a4)bi 
+ iy{bip{a2)b2p{a3)b3)bo[p(aia4) - p(ai)p(a4)]&4 
+ i^{b2)bop{ai)bi [p{a2a3) - p(a2)p(a3)]&3P(o4)&4 
+ i^{b2p{a3)b-3,)bop{ai)bi[p{a2a4,) - p(a2)p(a4)]&4 
+ v{b3)bQp{ai)bip{a2)b2 [p(a3a4) - p(a3)p(a4)]64 

+ u{bip{a2)b2)y{b3)bQ[p{aia3ai) - p{ai)p{a-iai) - p{aia-i)p{ai) + p(ai)p(a3)p(a4)]&4 
+ [y{bip{a2)b2)i'{b3)y{p{a-i)) - I'{bip{a2)b2)u{p{a3)b3) 

-v{bip{a2)b2p{a3))v{b3)\bQ[p{aiai) - p{ai)p{ai)\bi 
+ y{bi)ij[b2p{a3)b-i)bQ[p{aia2ai) - p{ai)p{a2ai) - p{aia2)p{ai) + p{ai)p{a2)p{ai)]bi 
+ [y{bi)v[b2p{a-i)b3)v{p{a2)) - v{bi)y{p{a2)b2p{a-i)b3) 

- ^{bip{a2))iy{b2p{a3)b3)]bo[p{aia^) - p(ai)p(a4)]64 

+ u{bi)i^{b2)bo[p{aia2a3) - p(ai)p(a2a3) - p(aia2)p(a3) + p(ai)p(a2)p(a3)]&3P(«4)&4 
+ [i^{bi)u{b2)u{p{a2)) - y{bi)u{p{a2)b2) 

- v{bip{a2))v{b2)\bQ[p{aia3) - p{ai)p{a3)\b3p{ai)bi 

+ u{b2)u{b3)bop{ai)bi [p(a2a3a4) - ^(02)^(0304) - p(a2a3)p(a4) + p(a2)p(a3)p(a4)]&4 
+ [^{b2)i^ib3)u{p{a3)) - v{b2)y{p{a3)b3) 

- v{b2p{a3))v{b3)\bQp{ai)bi[p{a2ai) - p{a2)p{ai)\bi 
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LM(f4) = v{bi)v{b2)v{b-i)bQp{aia2a-iai)bi + v{b2)v{b^)bQp{ai)bip{a2a-iai)hi 
+ v{hi)v{h'i)hop{aia2)h2p{a^ai)hi + u{bi)u{b2)bop{aia2a3)b3p{a^)b4^ 
+ y{b-i)bop{ai)bip{a2)b2p{a2,ai)bi + v[bip{a2)b2)y{b-i)bQ[p{aia2,ai) - p(ai)p(a3a4)]64 
+ z^(&2)&op(ai)6ip(a2a3)63p(a4)&4 + i^{bip{a2a-i)b3)v{b2)bQ[p{aiai) - p(ai)p(a4)]&4 
+ z/(6i)6op(aia2)&2p(a3)&3P(a4)&4 + «^(&i)«^(&2p(a3)&3)^o[p(aia2a4) - p(aia2)p(a4)]64 
+ bop{ai)bip{a2)b2p{a3)b3p{ai)b4 
+ y{bip{a2)b2)bQ [p(aia3) - p(ai)p(a3)] b3p{ai)bi 
+ z/(6ip(a2)62p(a3)fc3)&o[p(aia4) - p(ai)p(a4)]&4 
+ z/(62p(a3)63)6oP(ai)&i[p(a2a4) - p(a2)p(a4)]&4 

- i^(6ip(a2)&2)i^(p(a3)^3)^o[p(aia4) - p(ai)p(a4)]64 

- v{bip{a2))v{b2p{a3)b3)bo[p{aiai) - p(ai)p(a4)]64 
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LM(f4) = bop{ai)bip{a2)b2p{a3)b3p{ai)b4 + u{bi)iy{b2)i^{b3)bop^^^^^^{a)b, 



+ i^{bi 
+ u{bi 
+ i^{bi 
-i^{b, 
+ u{bi 
-u{b, 
+ u(bi 
+ u{b2 
-v{b2 
+ T^{bi 
+ u{bi 
-u{b, 
+ u{b2 
- y{b2 
+ v{b2 
+ i^{b3 

-V{b3 

+ 



i^(&2)z^(&3)'^(p(a2))&oP[i.3,4] («)^4 + v{bi)ij{b2)v{b3)y{p{a3))bQp^^^^^ {a)b4 
^ib3)p{b3) u{p{a2a3)) + 2u{p{a2))v{p{a3)) - u {p{a2) pia^)) feoP[i,4](a)^4 

^(^2) z/(pp3,(a)63) -2i^(p(a2))i^(p(a3)&3) &oP[i,4](a)&4 
^(^3)&0P[i,2, (a)&2P[3,4] («)^4 - i^(6i)z^(63)i^(p(a2)&2)P[i,3,4j («)&4 

Z/(63)z/(62p(a3))&0P[i,2,4,&4 

1^(63) iy{pia2)b2p{a3)) - i^{pia2)b2)i^ipia3)) - u{p{a2))i^{b2pia3)) &oP[i,4]^4 

l^(&3)W(«l)^lP[2,3,4](«)^4 - «^(&2)«^(&3)'^(&lP(a2))feoP[i,3,4jfe4 

1^(63) z/(6ipj,3,(a)) +2z/(6ip(a2))z/(p(a3)) 6oP[i,4,&4 

^oP[i,2i (a)&2p(a3)&3P(a4)&4 - z/(&i)z/(p(a2)&2)&oP[i,3j (a)&3P(a4)&4 

Z/(62p(a3)^3)^0P[i,2,4l(«)^4 

I^{p{a2)b2p{a3)b3) - z/(p(a2))z/(62P(a3)&3) - i^(p(a2)&2)i^(p(a3)&3) &oP[i,4j(«)^4 
6op(ai)6iPp 3, (a)&3p(a4)64 - z/(62)«^(&ip(a2))&oP[i,3] (a)&3p(a4)&4 
i^ (p(a3)&3) 6op(ai)&iP[2,4] (a)&4 

z/(6iPp3,(a)63) +2i/(6ip(a2))z/(p(a3)&3) V[i,4]^4 
&op(ai)&ip(a2)&2P[3,4,&4 + z^(&3)'^(&ip(a2)&2)&oP[i,3,4,(a)&4 

i^(&2P(a3)) W(ai)^lP[2,4] («)^4 

v{bip{a2)b2p{a3)) - v{bip{a2)b2)v{p{a3)) - v{bip{a2))v{b2p{a3)) b^p b^ 



iy{bip{a2)b2p{a3)b3) - v[bip{a2)b2)v[p{a3)b3) - v[bip{a2))v{b2p{a3)b3) bop^^^^b^ 
i^(6ip(a2)&2)W[i,3i(a)^3P(a4)fe4 + i^(&2p(a3)&3)W(«i)^iP[2,4i(«)^4 
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A. 3 Left-Liberation Collapse Functions 



LC'{yi; 0) = a^ai LC'(y3; 0) = 09010203 

LC'(fi; {1}) = (oo, bi, oi) LC'(y3; {1}) = (oq, h, 01O2O3) 

RC'(yi; 0) = yi LC'(y3; {2}) = (oqOi, k, 02O3) 

UC'(yi; 0) = yi LC'(y3; {3}) = (00O1O2, 63, ^3) 

LC'{y2; 0) = 00O1O2 LC'(y3; {1, 2}) = (oq, 61, Oi, 62, a2a3) 

LC'(y2; {1}) = (ao, ^1, aia2) LC'(y3; {1, 3}) = (oq, 61, 01O2, h, 03) 

LC'(f2; {2}) = (oooi, 62, 02) LC'(y3; {2, 3}) = (oqOi, 62, ^2, &3, as) 

LC'(y2; {1, 2}) = (oo, fci, oi, 62, 02) LC'(y3; {1, 2, 3}) = (oq, 61, Oi, 62, ^2, &3, Os) 
RC'(y2; 0) = (ao, bip{ai)b2, 02) RC'(^3; 0) = (oq, feip(oi)62p(a2)&3, as) 

RC'(f2; {1}) = ^2 RC'(y3; {1}) = (oo, &i, oi, &2P(a2)&3, as) 

UC'(y2; 0) = (oo, -&ip(ai)&2, 02) RC'(y3; {2}) = (oq, 61^(01)62, ^2, &3, %) 

UC'(f2;{l})=f2 RC'(y3;{l,2}) = y3 

UC'(y3;0) = (oo,6ip(oi)62p(o2)63,as) 
\JC\y3; {1}) = (oo, &i, oi, -&2p(a2)&s, as) 
UC'(y3; {2}) = (oo, -bip{ai)b2, 02, 63, %) 
UC'(y3;{l,2}) = y3 
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A. 4 Left-Liberation Moment Functions 



RM'(fi) = 

LM'(yi) = u{bi)aoai 

UM'(yi) = u{bi)aoai 

RM'{y2) = v{hip{ai)h2)aQa2 

LM'(^2) = v{bi)v{b2)aQaia2 + z/(&ip(ai)&2)ao«2 

= i/(6i)z/(fe2)aoaia2 + i'{hip{ai)h2) - iy{bi)u{p{ai)b2) 
- u{bip{ai)) + v{hi)u{p{ai))v{h2) 



Cto(l2 



\JM'{y2) = v{hi)v{h2)aQaia2 + v{hip{ai)h2) - 1^(61^(01)62) 



aoa2 



= v{hi)u{h2)aQaia2 + y{hi)v{p{ai))ij{h2) - y{hi)v[p{ai)h2) - y{hip{ai)) 
RM'(y3) = v{hi)v[h2p{a2)h)aoaia^ + v[hip{ai)h2)v{h)aQa2a-i 



CloO'2 



+ 



v[hip{ai)h2p{a2)h) - v{hip{a2))v{h2p{a2)h) - v{hi)v{p{ai)h2p{a2)h) 
- v{hip{ai)h2p{a2))y{h) - y{hip{ai)h2)y{p{a2)h) 
+ y{hi)v{p{ai))v{h2p{a2)h) + y{hip{ai)hi)v{p{a2))y{h) a^a^ 
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LM'{y-s) = v{hi)v{h2)v{h)aoaia2a^ + v{hi)v(h2p{a2)h)aoaia2. 
+ v{h)v[hip{ai)h2)aQa2a^ + v{hip{ai)h2p{a2)h) 

- i'{hip{ai))u[h2p{a2)h) - u{hip{ai)h2)u{p{a2)h) 
+ y{h2)y{hip{aia2)h) aoOs 

= v{hi)v{h2)v{h)aQaia2a2. + y{hi) y{h2p{a2)h) - y{h2)y{p{a2)h) 

-v{h)v{b2p{a2))+v{h2)y{h)y{p{a2)) 000103 + 1/(63) v{hip{ai)h2) 

- i^{bi)u{p{ai)b2) - iy{b2)iy{bip{ai)) + z/(6i)z/(p(oi))z/(&2) 



+ 



O0O2O3 

v{b2)v{bip{aia2)b^) - v{bi)v{b2)v{p{aia2)b^) - y{b2)u{bz)u[bip{aia2)) 
+ y{bi)ij{b2)v{b:i)ij[p{aia2)) + y{bip{ai)b2p{a2)b^) - y{bi)u{p{ai)b2p{a2)b:i) 

- v{b2)y{bip{ai)p{a2)b^) - y{bz)v{bip{ai)b2p{a2)) + y{bi)u{b2)y{p{ai)p{a2)b'i) 
+ y{bi)v{b:i)ij{p{ai)b2p{a2)) + y{b2)v{b^)i^{bip{ai)p{a2)) 

- z/(6ip(oi)) 2/(62^(02)63) + T^{bi)v{p{ai))v[b2p{a2)b'i) 

+ 2v{b2)v{bip{ai))v[p{a2)b^) + y{bz)v{bip{ai))v[b2p{a2)) 

- 2v{bi)v{b2)v[p{ai))v[p{a2)b;i) - z/(6i)z/(63)z/(p(oi)) 2/(62^(02)) 

- y{bip{ai)b2)i'[p{a2)b:i) + y{bi)u[p{ai)b2)y{p{a2)b:i) 

+ y{hi)v[bip{ai)b2)y{p{a2)) - y{bi)v{b^)v{p{ai)b2)i'{p{a2)) aoa-s 
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A. 5 Moment Polynomials 

For the sake of brevity, we use 1,2,3 to denote ti,t2;^3; witli tlie standing 
assumption that < ti < t2 < ts, and omit listing oi, . . . , a„; hence ©(1, 0, 3, 2) is an 
abbreviation for (3(ti, 0, ts, ^2; oi, 0-2, 03, 04), and 02-i for 0t2-ti- 

After the first few, we omit polynomials in which appears as the first or last 
index, since the bimodule property easily reduces these to others, viz. 

©(0, Si,...,Sfc;ao,ai,...,afc) = ao0r(6(si - r, . . . , s^ - r; ai, . . . , 0^)) 
6(si,...,Sfe,0;ai,...,afc,afc+i) = 0r(S(si -r,...,Sk - T]ai, . . . ,ak))ak+i 

where r = min(si, . . . , Sk). 

We also omit polynomials with consecutive time indices equal, since these can 
be reduced by multiplying consecutive terms with the same time index; for instance, 
&{ti, ti, ^2, ts, ts; Oi, 02, 03, 04, as) = ©(ti, t2, t^; 0102, 03, 0405). 
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6(0) 

6(0,1) 

6(1,0) 

6(0,1,0) 

6(1,0,1) 

6(0,1,2) 

6(0,2,1) 

6(1,0,2) 

6(1,2,0) 

6(2,0,1) 

6(2,1,0) 

6(1,0,1,2) 

6(1,0,2,1) 

6(1,2,0,1) 

6(2,1,0,1) 

6(1,2,0,2) 

6(2,0,1,2) 



tti 



ai(pila2 



0i(ai)a2 



ai(pi[a2)a3 



6(2,0,2,1) 
6(2,1,0,2) 



(/)i(ai)a2(/)i(a3) + u{a2) [(t>i{aia3) - </)i(ai)</'i(a3)] 

ai0i(a202-i(a3)) 

ai0i(02-i(a2)a3) 

0i(ai)a202(a3) + ^(^2) [4>i {ai4>2-i{a3)) - 0i (01)02(03)] 

0i(ai02-i(a2))a3 

(j)2{ai)a2(j)i{a-i) + uj{a2) [(pi (02-i(ai)a3) - </'2(ai)0i(a3)] 

01(02-1(01)02)03 

0i(ai)a20i(a303_i(a4)) + u;(a2) [0i(aia302-i(a4)) - 0i(ai)0i (0302-1(04))] 

0i(ai)a20i (02-1(03)04) +07(02) [01(0102-1(03)04) -01 (01)01(02-1(03)04)] 

01 (ai02-l (02)) ^301 (O4) + ^(03) [01 (Oi02-i (02)04) - 01 (Oi02-l (O2)) 01 (04)] 
01 (02-1 (01)02)0301(04) +U;(03) [01 (02-1(01)0204) - 01 (02-1(01)02)01(04)] 
01 (Oi02-l (02)) O302 (04) + U;(03) [0i (oi02-l (02O4)) - 01 (oi02-l (03)) 02(O4)] 
02(Ol)o20l(o302-l(o4)) + Cu(02) [01 (02-1 (Oi)o302-1 (04)) - 02(Ol)01 (o302-l (04))] 

+ a;(o2)a;(o3) [02(0104) - 02(01)02(04)] 
02(oi)o20i (02-1(03)04) +a;(o2) [01(02-1(0103)04) - 02(01)01(02-1(03)04)] 

01 (02-1(01)02)0302(04) + w(o3)[0i(02-l(Oi)o202-l(o4)) - 01 (02-1 (Ol)o2)02(o4 

+ w(o2)a;(o3) [02(0104) - 02(01)02(04)] 
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6(1,0,2,3 



6(1,0,3,2 



6(1,2,0,3 



6(1,3,0,2 
6(2,0,1,3 



6(2,0,3,1 
6(2,1,0,3 



6(2,3,0,1 
6(3,0,1,2 



6(3,0,2,1 
6(3,1,0,2 



()i(ai)a202(a303-2(a4)) +^(^2) 0i(ai02-i (0303-2(04))) - 
()i(ai)a202 (03-2(03)04) +^(02) 01 (0102-1(03-2(03)04)) - 
^i(oi02-i(o2))o303(a4) +u;(a3) 01 (oi02_i (0203-2(04))) - 
^i(oi02-i(o3))a302(o4) +a;(a3) 0i(oi02_i (03-2(02)04)) - 

^2(oi)o20l(o303_i(a4)) + Uj{a2) 01 (02-l(Ol)o303„i(a4)) - 

+ u{a2)uj{a3) 02(0103-2(04)) -02(01)03(04) 

^2(01)0201(03-1(03)04) +^(02) 0l(02-l(oi03-2(o3))o4) 
()1 (02-l(oi)a2)o303(a4) + Ujias) [01 (02-l(oi)a203-l(o2)) 

+ uj{a2)uj{a3) 02(0103-2(04)) - 02(01)03(04) 

^2(oi03-2(o2))o30i(a4) +^(03) 01 (02-l(Ol03-2(o3))o4) 
^3(Ol)0l(o-302-l(o4)) +Uj{a2) 01 (03-1 (Ol)o302-i (04)) 

+ ^(02)^(03) 02(03-2(01)04) -03(01)02(04) 
^3(01)0201(02-1(03)04) +^(02) 01(02-1(03-2(01)03)04) 



0l(Ol)02 (0303-2(04)) 
01(01)02(03-2(03)04) 
0l(oi02-l(o2))03(o4) 
0l(ai03-i(a2))02(o4) 
?^2(Ol)0l(o303-i(a4)) 

02(01)01(03-1(03)04) 
/>! (02-1(01)02)03(04) 



02(O103-2(O2))01(O4) 
03(Ol)0l(o302-l(o4)) 

03(01)01(02-1(03)04) 



^1 (03-1(01)02)0302(04) +uj{a3) 0i(03-i(ai)a202-i(o4)) -01(03-1(01)02)02(04) 

+ ^(02)^(03) 02(03-2(01)04) -03(01)02(04) 



6(3,2,0,1) = 02(03-2(01)02)0301(04) +a;(a3) 01(02-1(03-2(01)02)04) -02(03-2(01)02)01(04) 
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To illustrate possibilities of discontinuity, we consider the following 
for < r < ti < t2 < ^3: 



&{tl,T,t3,0,t2) = 0r(0ti-r(ai)a20t3-r(«3)) 040*2 («5) 

+ a;(a2)0r (0ti-r (ai0t3-ti (03)) - 0ii_^(ai)0i3_^(a3) ] 04^42 (05) 



+ 



a;(a4)0r(0ti-r(ai)a20t2-T(0t3-t2(«3)a5)j 



+ Uj{a2)u}{a4)(j)r 0fi_r(ai0i2-r(0t2-i2 (03)05)) - 0ti-r(ai)0t2-r (0*3-42(03)05) 

- cu(a4)</'r(0ti-r(ai)a20t3-T(a3))0t2(o5) 

- a;(a2)cu(a4)0r ( 0ti-r (ai0t3-ti (03)) - 0ti-r (01)0*3-^(03) ) 0*2 (05) 



6(^1,0,^3,0,^2) = 0*1(01)020*3(03)040(2(05) 



+ a;(a2)i^(o4J 



6(tl,0,t3,0,t2 



0*1 (Ol0*2-*i (0*3-*2 (03))05) - 0*1 (Ol)0*2 (0*3-*2 (03)05) 
- 0ii (Oi0i3_t, (O3))0i2 (as) + 0ii (Oi)0t3 (03)0*2 (05) 

+ u{a2) 0*1 (oi0t3_ti (03)) -0i, (01)0^3(03) 040^2(05) 

+ cu(a4)0t,(ai)a2 0t2 (0*3-*2 (03)05) -0(3(03)0^3(05) 

+ ^(02)^(04)^(03) -^(02)0; (0*3 (03)04) -w(a20i3(o3))a;(a4) 

+ 6^(020*3(03)04) [0*i(oi0t2-*i(o5)) -0i, (01)0(3(03)] 

lim 6(ti,r,t3,0,t2) = a;(o2)u;(o4)u;(o3) - u;(o2)a; (0^3 (03)04) 
-w (020*3(03)) c<;(o4) +tu (020*3(03)04) 0t, (oi0i2--*i(o5)) - 04^(01)0*3(03) 
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